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This  paper  considers  resolution  of  the  Riemann  problem  for  a  van  der 


Waals  fluid.  The  method  of  an  analysis  is  one  of  limiting  artificial 
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0.  Introduction  \^INSP[ 

The  one  dimensional  isothermal  motion  of  a  compressible  elastic  fluid  or  solid 
can  be  described  in  Lagrangian  coordinates  by  the  coupled  system 
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\  INSPECTED 

«t+p(ti>)x  =  0, 


tot  —  tix  =»  0. 


(0.1) 

(0.2) 


Here  u  denotes  the  velocity,  w  the  specific  volume  for  a  fluid  (or  displacement 
gradient  for  a  solid),  and  —p  is  the  stress  which  must  be  determined  through  a 
constitutive  relation  to  w.  For  many  materials  a  natural  condition  placed  on  p  is 
that  p'(tu)  <  0  for  all  values  of  w  (or  all  positive  values  of  tv)  depending  on  the 
context  of  the  problem.  This  makes  (0.1),  (0.2)  a  coupled  system  of  hyperbolic 
conservation  laws.  In  this  paper,  however,  we  shall  consider  the  case  where  p  has  a 
graph  illustrated  by  Figure  1.  For  convenience  p  will  be  globally  defined,  smooth, 
with 

p'  <  0  xv  <  a,  tv  >  fi\  p'  >  0,  a  <  xv  <  /?; 
p"(a)  >  0,  p"(0)  <  0. 
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Figure  1. 


This  type  of  constitutive  relation  is  usually  associated  with  a  van  der  Waa’s 

fluid  where  _ „ 

RT  _  a 

to  —  b  w2 

and  R,  a ,  b  are  positive  material  constants,  T  is  the  temperature.  Here  we  need 
nothing  as  specific  as  the  van  der  Waals  constitutive  relation  though  our  results 
will  strongly  depend  at  times  on  the  global  behavior  of  p  as  |u>|  — ►  oo. 

The  reason  for  this  non-standard  choice  of  p  is  that  it  serves  as  a  prototype 
problem  for  the  dynamics  of  a  material  exhibiting  changes  of  phase.  For  example 
in  a  van  der  Waals  fluid  the  states  w  <  a  are  viewed  as  liquid  while  Btates  with 
w  >  0  are  viewed  as  vapor.  The  non-monotonidty  of  p  allows  co-existence  of 
liquid  and  vapor  phases. 

The  evolution  of  (0.1),  (0.2)  will  be  governed  by  initial  data.  Here  we  pose 
piecewise  constant  data 


u_ 

to. 

x  <  0 

u(x,0)= 

to(x,0)= 

«+ 

to+ 

x  >  0 

(0-3) 

which  makes  (0.1)-(0.3)  into  a  mixed  hyperbolic- elliptic  Riemann  initial  value  prob¬ 
lem  which  we  call  problem  P. 


The  classic  method  of  solution  of  the  Riemann  problem  is  based  on  the  con¬ 
struction  of  shock  and  wave  curves  for  (0.1),  (0.2).  For  van  der  Waals  like  mate¬ 
rials  discussions  of  this  approach  have  been  given  first  by  R.  James  [1]  and  later 
by  M.  Shearer  [2],  [3].  The  difficulty  with  this  procedure  is  that  even  if  shock 
admissibility  conditions  are  known  a  priori  it  is  not  obvious  in  what  manner  the 
full  solution  which  is  a  composite  of  shock  and  rarefaction  waves  is  admissible. 
For  example  in  [12],  Shearer  proves  existence  of  solutions  to  P  when  the  data  u>_, 
are  in  different  phases  but  close  to  the  well  known  Maxwell  line.  Each  discon¬ 
tinuity  in  Shearer’s  solution  is  admissible  with  respect  to  the  viscosity-capillarity 
criterion  discussed  below. 


The  investigation  here  is  based  on  a  different  approach.  First  we  recall  that 
earlier  work  [4],  [5],  [6]  has  suggested  a  reasonable  admissibility  criteria  for  (0.1), 
(0.2)  to  be  the  following  viscosity-capillarity  criterion.  Namely  weak  solutions  of 
(0.1),  (0.2)  will  be  admissible  if  they  are  limits  boundedly  a,e.  of  solutions  tt„,  u>„ 
of  the  system. 

t it  +  p(w)x  =  uuxx  —  u2Awxxx ,  (0.4) 


wt-ux  ~  0, 


(0.5) 


v  -*  0+- 


This  system  is  derived  from  Korteweg’s  theory  of  capillarity  where  the  total 
stress  is  written  as  the  sum  — p(io)  -f  vux  —  v2Awxx  comprising  elastic,  viscous, 
and  capillarity  contributions. 

As  noted  in  [6]  the  substitutions 


\  ¥  j(l  ~  4A)1/S.  »  =  u-  Dtw,  bring 


{(0.4),  (0.5)) 


into  the  parabolic  form 


v*  +  p(u;)*  =  D\v  XX  9 


(0.6) 


wt-vx  =  D2wxx, 


(0.7) 


when  0  <  A  <  1/4.  In  particular  the  choice  of  A  =  1/4,  u  =  2<  would  say  that 
admissible  solutions  would  be  limits  as  e  — ►  0+  of  solutions  of  (0.6),  (0.7)  with 
D\  —  D2  =  e. 


While  (0.6),  (0.7)  is  the  common  form  for  most  artificial  “viscosity”  argu¬ 
ments,  Kalasnikov  (1959  (13))  Tupciev  (1964  [14],  1972  [15]),  Dafermos  (1973  [7], 
1974  [16]),  and  Dafermos  and  DiPerna  (1976  [S])  suggested  a  variant  advantageous 
for  the  study  of  Riemann  initial  value  problems.  Within  the  context  of  (0.1)-(0.2) 
the  idea  is  to  replace  (0.6)-(0.7)  with  the  system 


(0.8) 


t0f  —  ux  =  etwxx, 


(0.9) 


-  3  - 


ft 


,<  ■  •  ,tx-  v*.<  1 


•- -H  ‘»t. 
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-  which  is  invariant  under  the  transformation  (x,<)  — >  (ax,  at),  a  >  0.  (Here  the 
letter  t;  has  been  replaced  by  its  former  self  u.)  System  (0.S),  (0.9)  has  a  decided 
advantage  over  (0.6),  (0.7)  in  that  it  admits  solutions  that  axe  functions  of  the 
single  variable  £  =  j.  In  fact  a  simple  computation  shows  that  u  (f),  w( f)  is  a 
solution  of  (0.8),  (0.9),  (0.3)  if  u(£),  tw(£)  is  a  solution  of  the  coupled  system  of 
non-autonomous  ordinary  differential  equations 


£u"=p( 

(0.10) 

ew"  =  ~u'  —  £u/, 

(0-U) 

with  boundary  conditions 

u(— co)  =  u_,  w(—oo)  =  W- 

u(+ oo)  =  u+  w(+oo)  =  tu+  ‘ 

(0.12) 

Here  /  denotes  differentiation  with  respect  to  £.  We  will  call  the  boundary  value 
problem  (O.IO)-(O.IB)  problem  Pe. 


Our  program  can  now  be  broken  up  into  two  steps.  The  first  part  carried  out 
in  Sections  1  and  2  establishes  that  if  the  data  are  in  different  phases  there  is  a 
solution  of  Pe  which  exhibits  one  change  of  phase.  Also  we  give  special  conditions 
on  the  one  phase  data  which  yield  a  one  phase  solution  of  Pe.  The  main  feature 
of  the  proofs  of  these  results  is  to  note  that  Dafermos's  arguments  in  [7]  (which 
provided  the  successful  resolution  of  Pe  in  the  case  p'  <  0)  and  those  of  Dafermos 
and  DiPerna  in  [S]  do  not  directly  apply.  However  a  careful  modification  involving 
changes  of  underlying  function  spaces,  apphcation  of  the  Leray-Schauder  degree, 
and  a  new  set  of  a  priori  estimates  yield  solvability  of  P(. 

In  Sections  3  and  4  we  pursue  the  second  part  of  our  program,  i.e.  to  give 
conditions  on  which  solutions  ite(£),  u>e(f )  of  Pc  possess  limits  as  e  — ►  0+  which 
solve  the  Riemann  problem  P.  In  the  case  p'  <  0,  Dafermos  [7]  and  Dafermos  and 
DiPerna  [8]  succeeded  via  this  method  to  solve  P.  Here  we  modify  the  ideas  of  [7], 
[8]  to  the  case  when  p'  >  0  in  (a,  /?).  In  this  case  when  the  above  mentioned  special 
data  are  in  the  same  phase  assumptions  on  p"(w)  and  behavior  of  p  at  infinity  yield 
estimates  on  the  total  variation  of  u«,  wf  which  combined  with  Helly’s  theorem 
shows  u£,  w(  do  converge  to  a  solution  of  P.  For  data  in  different  phases  similar 
estimates  in  the  total  variation  may  be  obtained  to  yield  solvability  of  P  except 
in  one  case.  The  case  in  doubt  is  when  there  is  a  sequence  t(  — ♦  0  so  that  |u*(r<)| 
becomes  infinite  as  t  — >  0-K  For  this  case  we  know  u€,  w(  possesses  a  subsequence 
which  converges  a.e.  to  function  u,  w  as  e  — ►  0+.  The  limit  functions  u,  tv  will  be 
a  solution  of  the  Riemann  problem  if  and  only  if  the  pressure  p  equilibrates  across 
the  stagnant  phase  boundary  (  =  0,  i.e.,  lim£_o+  =  lim^_o-  piw(0) 

(Theorem  4.13).  Modulo  this  one  case  we  see  that  the  idea  of  artificial  “viscosity” 
arguments  which  play  such  a  vital  role  in  the  existence  theory  of  hyperbolic  conser¬ 
vation  laws  can  be  extended  to  mixed  hyperbolic-elliptic  systems  as  well.  (In  this 
regard  see  also  [9]  for  a  study  of  a  viscosity  approach  to  a  mixed  hyperbolic-elliptic 
boundary  value  problem.) 


-  4  - 


1.  Existence  of  connecting  orbits  assuming  a  priori  estimates 


In  thi9  section  we  will  establish  an  existence  theorem  for  the  connecting  orbit 
problem  Pe  described  in  the  introduction  under  the  assumption  of  a  priori  esti¬ 
mates  on  (u,u>).  With  this  goal  in  mind,  consider  the  two-parameter  family  of 

problems  * 

eu,;  =  —  Zu>  (1»1) 

ew"  =  pu1  —  £w'  (1.2) 

u(-X)  =  u-,  «(£)==  u+,  w(-L)  =  w-,  w(L)  =  to+,  (1.3) 

where  p  €  [0, 1]  and  L  >  1. 


Theorem  1.1  Assume  w~  <  a,  104.  >  0  (tw_  >  0,w+  <  a)  and  there  is  a 
constant  Mo  such  that  every  possible  solution  of  (1.1),  (1.2),  (1.3)  with  «/(£)  >  0 
(«/({)  <  0)  when  a  <  ju(£)  <  0  satisfies  the  a  priori  estimate 

•up  (KOI  +  !«'(£)!  +  KOI  +  K'(OI)  <  Mb-  (HO) 

-I<«£ 

Here  Mo  can  depend  on  u_,  u+,  w—,w+f  e,p  but  is  independent  of  p  and  L.  Then 
their  exist  solutions  of  Pt  which  satisfy  the  constraint  that  ti/(£)  >  0  (tu'(£)  <  0) 
if  a  <  w(()  <  0,  i.e.  the  one  phase  change  data  connecting  orbit  problem  possesses 
a  one  phase  change  solution. 


Proof.  We  consider  the  case  w~  <  a,  U7+  >  0.  The  case  u>_  >  0,  tw+  <  a 
is  analogous.  First  notice  that  when  ft  =  0  (1.1),  (1-2),  (1.3)  possesses  a  unique 
solution 

(«+ “«-)/lLexp(-C2/2e)c?C  , 

«o(0® - rr - - +  «_, 


ti?o(0  = 


/fLexp(-£2/2*)d£ 

(tu+  -  W-)  fiL  exp(-C2/2c)dC 
;fIexP(-^/2e)^ 


+  w — 


Also  note  that  u>q(£)  >  0,  £  €  [-£,  L\. 

Now  set  U(£)  =  u(0  -  uo(0.  w(0  =  «K0  ”  ^oU)  and  impose  boundary 
oonditions 

U(-L)  =  17(1)  =  W{-L)  =  W(L)  =  0.  (1.4) 

H u,to  are  to  solve  (1.1),  (1.2),  (1.3),  we  see  U,W  must  satisfy  (1.4)  and 


tUn  =  Mu>o  +  W)'  - 
tW"  =  pV*  -  ftu'o  -  tW'. 


(1.5) 


y(-l)  =  0,  y  (X)  =  0.  (1.9) 

A  straightforward  computation  shows  that  y(£)  is  given  by  the  formula 

-  i  r( 


y(()  =*  f  «cp(-(2/2f K  +  i  f  f ((,  v((K 

1  /*  /*  t2  -  C2 

-•£  J_LJ0  rf(r.v(T))exp(— ^-i-)drdC 


(1.10) 


where 


,  j^cxvi-e  n.C)<K = -i/\c,v(OK 

1  fL  ft  T2  —  C2 

+  jf  J  rf(T,v(T))exp(—^-)Jrd(. 


(1.11) 


Notice  the  fixed  points  of  /xT  are  solutions  of  (1.6),  (1.7)  which  in  turn  yield 
solutions  of  (1.1),  (1.2),  (1.3). 


It  is  clear  that  T  maps  C°([— L,  £];  R2)  continuously  into  C°  ([— L,  L]\  R2). 
Of  course  this  implies  T  maps  C1([— I,  L]\  R2)  continuously  into  C°{[—L,L)\  R2). 
We  now  show  T  maps  C1^— L,  L]\  R2)  continuously  into  C^([—L,L)]  R2). 

For  this  purpose  let  vi,  v2  6  C*1([— X];  R2),  =  (I7i,  Wi),  v2  =  (U2,  W2), 

and  yj  =  /iTvi,  y2  =  jxTv2.  Differentiation  of  (1.10)  shows 


yi(0  -  yi(0  =  (Z1  -  z2)exp(-£2/2e) 

^,V2(0) 


(1.12) 


-  ^  J  r(f(r,Vi(r))  -  f(r,  v2(r)))exp(^— ^-)<f7 


~  6  - 


v 


% 


V, 


Vi 


y.i 


§ 


•  where  Zi ,  Z2  are  defined  in  the  obvious  manner. 

Now  let  vi,V2  be  in  a  finite  ball  B  in  C1([— L,£];  El2).  In  particular  for 
v  =  {UtW)  in  By  wo  +  W  is  uniformly  bounded  in  R  and  hence  p  is  a  uni¬ 
formly  continuous  function  of  the  argument  wq  +  W.  But  for  6  >  0  arbitrary 
we  know  ^rom  uniform  continuity  of  p  that  there  is  1(6)  >  0  so  that  |p(t^o(0  + 

Wi(0)-P(«o(0  +  ^2(0)l  <  5  if  |(Wi(e)+wo(0)-(TVa(0+»o(0)l  <  i-e.  » 
|Wi(0-Wi(0l  <  W  Hence  sup.£<e<£|p(tiio(0+Wl(0)-P(tPo(0+W2(0)l  < 

6  if  sup_£<^<£  |Wi(0  -  W2(OI  <  Ks)  so  sup -l<s<l  Ip(w o(0  +  Wi(0)  - 
p(wo(0  +  Wa(0)l  -*  o  as  sup_£<£<x  |Wi(0  -  W2(£) I  “*  0.  But  this  argu¬ 
ment  implies  by  the  special  nature  of  f(£,  v(£))  that  sup_£<^<£  |f(r,  vi(r))  — 
f(r,V2(r))|  -►  0  as  sup_£<^<£  |vi(r)-v2(r)|  — ►  0.  From  (1.11),  (1.12)  we  see 
then  that  sup.L<^<£  |yi(0- 3^(01  “*  0  as  sup_£<^<£  |vx({)-v2($)|  “»  0 
so  T  is  a  continuous  map  of  C1([— L.L];  R2)  into  itself. 

Now  note  that  (1.8)  implies  that  if  v  is  in  a  bounded  set  of  Cx([— £,  £];  R2),  y 
will  be  in  a  bounded  set  of  C2([—  L,  L\\  R2).  This  is  because  ,  v(£))'  is  uniformly 
bounded. 

Hence  T  is  a  continuous  compact  map  of  C1([— £,  £];  R2)  into  itself. 

Now  define  ft  =  {U,  W  G  C1  ([-£,£];  R2)  such  that  W(-L)  +  w0(-L)  < 
a,  W(L)  +  w0(L)  >  ft  W( 0  +  w£(0  >  0  if  a  <  W( 0  +  u>0( 0  <  ft  and 

«ipt  <*<£(|tf  (0  +  uo(OI  +  |W(0  +  «0(OI  + 1^(0  +  «i(0l  +  !^'(0  +  ttiCOI)  < 

M  +  1}.  ft  is  a  bounded  set  in  C1([— L,L\]  R2). 

In  addition  ft  is  open.  To  see  this  let  U,W  6  ft.  Note  the  definition  of  ft 

implies  the  set  €  [—£,£];  a  <  wq(^)  +  W(()  <  f3)  is  a  closed  interval 

[&»&]•  For  if  A  £  [fi,f2]  for  some  fi,f2  G  [—£,£]  means  by  the  monotonicity 
of  tvp  +  W_on  [£i,£2j  that  for  some  £  £  [£i,£2]  either  tuo(0  +  JF(£)  =  «  or 
tt>o(£)  +  W(£)  =  ft  with  w'Q(Z)  +  Wf({)  <  0  in  either  case.  Of  course  this  would 
imply  UyW  £  ft,  a  contradiction. 

So  we  have  A  =  [£i,£2]  and  denote  m  =  min^g^u^O  -f  W'(£))  which  is 
positive.  Since  wq  +  W  6  C^[— L,  £]  there  is  a  larger  interval  Ag  C  [—£,£], 
A$  D  A,  A$  =  [£1  —  6,  £2  +  £]  for  some  small  6  >  0,  so  that  w'q(£)  -f  W’(£)  >  ^  for 
€  €  As- 

Let  D  =  min(min?,_,5<£<£(u>o(£)  -  W(£)  -  ^),min_£<^<$1  _f(a  ~  u>o(0  - 
WX0).  Since  w0(0  -  VF(0  -  /?  >  0  on  [f2  +  6,L]  and  a  -  w0{£)  -  IF(0  >  0  on 
[— Ly  —  6]  we  see  D  >  0. 

Now  let  Vy  W  be  such  that 

•up  (|P«)I  +  flttoi  +  F«)l  +  |W«)I)  < 

-L<£<L 


where  v  =  min(y,m/4).  Consider  (  €  [-£,£]  for  which  a  <  u/0(£)  +  W(£)  + 

TP(0  <  fi.  If  we  can  show  u;g(£)  +  W7^)  +  W* (£)  >  0  we  will  have  proven  f i  is 
open.  But  we  see  in  this  case  that 


and  hence  U70(O  +  W(0  -  fi  <  D/2,  a  -  u>0(O  -  W(£)  <  D/2.  But  this  implies 
by  the  definition  of  D  that  £  £  (£l  —  6,  £2  +  £)•  So  we  have  shown  a  <  wq(£)  + 
W(£)  +  W(£)  <  fi  implies  £  t  A$.  Now  we  compute  at  this  value  £: 

«o(0  +  ^'(0  +  W*(0  >  y  +  W'CO  >  m/4  >  0. 

Hence  ft  is  open. 

Now  we  recall  a  well  known  theorem  of  Leray-Schauder  type  (see  for  example 
M&whin  [10],  Corollary  IV.7). 

Prop  1.2  Let  X  be  a  real  normed  vector  space,  ft  an  open  bounded  subset 
of  X ,  and  T  a  compact  map  of  X  into  itself.  If  zero  is  an  interior  point  of  ft  and 
^  f°r  all  4>  €  9ft,  0  <  fi  <  1,  then  T  has  at  least  one  fixed  point  in  Vi. 

In  our  problem  we  take  X  =  C\[-LyL\\  R.2)  and  T,  ft  is  as  defined  above. 
The  origin  in  an  interior  point  of  ft  since  the  constraint  u>q(£)  +  W* (£)  >  0  is 
satisfies  for  all  £  €  [-1,1]  if  (U,W)  is  a  small  C1  ([-£,£,];  R2)  perturbation. 
Note  <(>  €  9ft,  4>  =  n T<f>,  fi  e  (0, 1),  means  that  there  is  a  solution  (u(£),u;(£))  of 
(1.1),  (1.2),  (1.3)  which  satisfies  u/(£)  >  0  if  a  <  w(£)  <  fi  and  either 

(i)  «;'(£(,)  =  0,  a  <  tu(^o)  <  P  for  some  fo  €  ( —L ,  L ) 


(ii)  ■up_£<{<£{|u(f)|  +  \w(£)\  +  |w'(OI  +  K(0I)  =  A/0  +  1  or  both  (i)  and  (ii). 

Let  us  first  consider  possibility  (i).  In  this  case  either  a  <  u?(f 0)  <  Pi  w(Zo)  = 
a,  or  w(£q)  =  fi.  We  consider  these  cases  separately. 

Case  1:  a  <  u>(£o)  <  Pi  ^(£0)  =  0.  In  this  case  there  are  three  possibilities, 
either  w"(Zo)  <  0,  w"(^q)  >  0,  or  w"((o)  =  0.  If  w"(£q)  <  0  then  tu(£o)  is  a 
local  maximum  which  implies  u;'(£)  <  0  for  some  £  <  £o»  i£  -  £o|  small.  But 
this  implies  a  <  tu(£)  <  fi  and  violates  the  requirement  that  u/(£)  >  0.  An 
analogous  statement  holds  if  w"(£o)  >  0  and  now  w(£)  is  a  local  minimum.  The 
case  t»w(£o)  =  0  is  excluded  since  u/'(£o)  =  0,  u/(£o)  =  0  implies  via  (1.2)  that 
t/(£o)  —  0.  But  in  this  uniqueness  of  solutions  for  (1.1),  (1.2)  as  an  initial  value 
problem  (see  [7],  Lemma  4.1)  u'(£ 0)  —  0,  u/(£ 0)  =  0  implies  u(£)  =  u(£o)>  — 

tu(^o)  for  all  £  €  [— L,  L]  and  hence  we  cannot  satisfy  (1.3),  w-  <  a,  u>+  >  fi. 
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Case  2:  u>(£o)  =  a*  u/(£o)  =  0.  In  this  case  there  axe  again  the  three  canon¬ 
ical  possibilities,  u>w(£o)  <  0,  u>,;(£o)  >  0,  or  u/^g)  =  0.  We  can  immediately 
dismiss  w"(£o)  >  0  and  w"(£o)  =  0  for  the  same  reasons  as  in  Case  1.  So  we  need 
only  consider  w"(£q)  <  0.  In  this  case  u?(£g)  =  o  is  a  local  maximum.  Hence  if 
we  are  to  satisfy  w(L)  =  w+  >  P  we  must  proceed  through  a  local  minimum  at 
£l  >  6),  i-e.  u>(£i)  <  a,  w'{£i)  -  0,  w"({i)  >  0;  w(£)  <  a,  u>'(f)  <  0,  £o  <  £  <  Cl- 
Again  =  0  is  impossible  since  that  forces  u((£i)  =  0  and  the  uniqueness 

theorem  ([7],  Lemma  4.1)  is  contradicted.  So  we  need  only  consider  ti;"(fi)  >  0. 
fVom  (1.2)  we  see  u^Ci)  >  0,  i/(fo)  <  0  which  implies  u  has  a  local  maximum  at 
a  point  Co  <  C  <  Cl,  ^(0  =  0,  uM(£)  ^  0,  and  again  Lemma  4.1  of  [7]  telis  us 
tx;(C)  <  0.  Since  p\w)  <  0  for  w  <  a  this  implies  via  (1.1)  that  u/(£)  >  G  which 
contradicts  the  fact  that  w  is  decreasing  on  (Co, Cl)-  Hence  u/'(Co)  <  0  is  excluded 
as  well. 

Case  3:  tf(Co)  =  Pi  w'(€o)  =  0.  Here  again  we  see  we  can  exclude  ty"(Co)  <  0 
and  tx>w(Co)  =  0  immediately.  If  w"(£o)  >  0  it  follows  that  iu(Co)  =  P  is  a  local 
minimum  so  to  satisfy  w(—L)  =  u>_  <  a  there  must  be  Cl  <  Co  where  io(Ci)  >  P 
and  tv  has  a  local  maximum,  iu(£)  >  P  on  (Cl,Co)-  But  the  same  reasoning  as  in 
Case  2  yields  a  contradiction. 

FVom  Cases  1,2,3  of  (i)  we  see  there  is  no  solution  of  (1.1),  (1.2),  (1.3),  p  £ 
(0, 1),  (u(C)  -  uo(C),™(C)  —  wo(C))  in  ft  for  which  (i)  can  hold.  So  all  solutions  of 
(1.1),  (1.2),  (1.3),  p  €  (0,1)  in  ti  must  satisfy  w'(£)  >  0  in  a  <  w(£)  <  p.  But 
now  the  hypothesis  of  our  theorem  says  (ii)  cannot  hold  either.  Thus  we  conclude 
from  Prop  1.2  that  (1.1),  (1.2),  (1.3)  possesses  a  solution  for  which  it(C)  —  uo(0> 
w(C)  —  too(C)  is  in  H. 

To  complete  the  proof  we  follow  Dafermos  [7]  and  extend  the  domains  of  u,  w: 
Set 

«(C;  L)  =  «+,  «^(C;  £)  =  ™+i  C  >  Li 

«(C;  L)  =  u-,  t«(C;  L)  =  ty- ,  C  <  -L. 

The  extended  pair  {u(-,  L),  u>(-,  L)}  form  a  sequence  in  C°((— oo,  cx>);  R2)  and  by 
virtue  of  the  hypothesis  of  theorem  we  know  sup_£<^<£{|u'(C;  L)\  +  |u>'(C;  L)|}  < 
Af.  So  the  sequence  {(u(-;  L),u>(-;.L)}  is  precompact  in  C°((— oo,oo);  IR2).  Thus 
there  is  a  subsequence  Ln  — ►  oo  as  n  — »  oo  since  that  (u(£;  £),  u;(£;  X))  — ► 
(u(C),w(C))  uniformly  as  n  -+co  on  (-00,00).  As  in  Dafermos  [7]  u(C),to(C) 
is  a  solution  of  P£  and  by  its  construction  u/(£)  >  0  if  q  <  u>(£)  <  /?.  But  by 
the  same  reasoning  used  in  Cases  2,3,  this  connecting  orbit  must  satisfy  the  more 
restrictive  requirement  u/(£)  >  0  if  a  <  u>(£)  <  p .  This  completes  the  proof  of 
Theorem  1.1. 

Having  established  Theorem  1.1  we  cam  now  proceed  to  weaken  the  hypothesis 
that  the  first  derivatives  of  u,  w  be  a  priori  bounded.  This  is  done  below. 


Theorem  1.3  The  conclusion  of  Theorem  1.1  remains  valid  if  (HO)  is  replaced 
by  the  a  priori  estimate 

sup  (iu(f)l  +  KOI)  <  Mi  (HI) 

-L<i<L 

where  again  M\  can  depend  on  u~,  u+,  u>_,  w+,  e,  p  but  is  independent  of  p  and 

L. 


Proof.  All  that  we  need  to  show  is  that  if  a  solution  of  (1.1),  (1.2),  (1.3)  satisfies 
(Hi)  it  satisfies  (HO).  But  this  is  precisely  the  nature  of  estimates  (3.7),  (3.S) 
given  by  Dafermos  in  [7].  For  completeness  we  rederive  these  estimates. 

Let  y(0  =  C .($))»  W  =  (P^)-  Then  (1J)>  C1-2)’  (x-3)  have  the  form 

*y"(0  =  /^y(0)'  -  £y'(a 

y(-L)  =  y_,  y(L)  =  y+ 
where  y_  =  (u_,u>_),  y+  =  (u+,u;+). 

We  see  easily  that 

^(«xp({2/2<r)y'(0)  =  £(ViCy)y'(0«xp(|l)) 
and  hence  by  integrating  from  0  to  £  we  have 

«p(£l/2£)y'(e)  -  y'(0)  =  e  f (V{(p)y'(C)exp(C2/2^))<iC- 

«  Jo 

Since  sup_x<^<£(|u(OI  +  |u;(£)|)  <  M\  we  know  p  |Vf(j/)|  <  R,  R  independent 

of  L.  So 

l«cp({l/2e)y'(0l  <  ly'(0)l+y /{|y'(()l  exp(^K. 

e  J o  it 

and  using  Gronwell’s  inequality  we  find 

ly'COI  <  ly'(o)l 


But  the  function  (2R^i  ^  )  has  a  maximum  value  of  {J~)  so  we  see 


1/(01  <  I  y'(0)l  exp(~ )> 


-L  <  i  <  L, 


where  R  is  independent  of  L.  So  supi<^<£,  |y,(^)|  will  be  bounded  independent 
of  fi  and  L  if  (y^O)!  is  bounded  independent  of  p  and  L. 

Now  we  derive  the  bound  on  Jy7 (0)J  First  note 


MriwwfigMfinHttlfllittMiHlii  ^ 

t 


y'tf)  =  z  exp(-£2/2e)  +  ^f(y )  ~  ^  JQ  Tfty(T))  exP  (~2~“)  dr 


where 


;  J  ^exp(-C2/2e)  =  y (L)  -  y(-L)  ~  ^  J_l  ^yOO)* 

+ ?  J-L  J! Tf(y(T))  exp  v~ir) iT  a<- 


Now  set  i  =  0,  L  =  1  in  the  above  expressions.  Then  we  have 


y'(o)  =*  +  ^y(o)), 


;  J  i  exp(-C2/2e)  =  y(l)  -  y(-l)  -  ~  J  t(y(r))dr 

+?/,/  t*wt»  «p  (I-ir-)  *  < 


Since  A‘|f(y(r))l  ^  constant  (independent  of  p  and  L)  we  see  that  |y/(0)|  is  bounded 
independent  of  p  and  L.  This  completes  the  proof. 

Theorem  1.3  gives  a  sufficient  condition  for  solvability  of  P€  when  the  bound¬ 
ary  values  u>_  and  w+  are  in  different  phases.  We  now  give  a  result  which  applies 
to  the  case  when  u/_,  ty+  are  in  the  same  phase. 

Theorem  1.4  Assume  u_  >  u+  and  w~,w+  <  a  (u_  <  u+  and  w—,w+  >  0) 
and  there  is  a  constant  Af2  such  that  every  possible  solution  of  (1.1),  (1.2),  (1.3) 
satisfies  the  a  priori  estimate 


(|u(0|  +  KOI)  <  m2. 

-l<t<L 


(B. 2) 


Here  Af2  can  depend  on  u_,  w+,  e,  p  but  is  independent  of  p  and  L.  Then  their 
exist  solutions  of  Pe  which  satisfy  the  constraints  u>(£)  <  a  (u>(0  >  /?),  i.e.  these 
special  single  phase  data  connecting  orbit  problems  possesses  single  phase  solutions. 

Proof.  Theorem  1.4  is  a  special  case  of  Thm  3.1  of  [7]. 
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2.  The  a  priori  estimates 

In  this  section  we  derive  the  a  priori  estimates  needed  to  apply  Theorems  1.3 
and  1.4.  Before  doing  this  we  give  some  useful  lemmas.  The  first  is  a  result  from 
[7]  Thm.  4.1  or  [8]  Thm.  2.2. 

V 

Lemma  2.1  Let  (u(£),u>(£))  be  a  solution  of  (1.1),  (1.2)  on  an  interval 
[— £r,  £>],  n  >  0.  Then  on  any  subinteral  (/i,  /2 )  for  which  p'(tv(£))  <  0  one  of 
the  following  holds: 

(i)  u(0  and  w(£)  are  constant  on  (/i,/2); 

(ii)  tt(£)  is  a  strictly  increasing  (or  decreasing)  function  with  no  critical  points  in 
hih)i  w(0  has,  at  most,  one  critical  point  in  (h,h)  that  necessarily  must  be  a 
maximum  (or  minimum); 

(iii)  u/(£)  is  a  strictly  increasing  (or  decreasing)  function  with  no  critical  point  in 
(Il,/a);  u(0  has,  at  most,  one  critical  point  in  (l\,  I2),  that  necessarily  must  be  a 
maximum  (or  minimum). 

We  will  also  need  the  following  results. 

Lemma  2.2  Let  (u(£),tt?(£))  be  a  solution  of  (1.1),  (1.2)  on  an  interval 
[— LjZJ,  n  >  0.  Then  on  any  subinterval  (list 2)  f°r  which  p'(w(£))  >  0  the 
graph  of  u(f)  versus  w(£)  is  convex  at  points  where  tu'(£)  >  0  and  concave  at 
points  where  tt/(0  <  0. 

Proof.  We  simply  compute  as  follows: 


=  u'(o . 

dw  tt>;(^)  ’ 


d  fu\o\  -  ASW(0\ 

dt\w>{o)-\  y 


Now  use  (1.1),  (1.2)  to  see  that  at  u(£),uj(£)  we  have 

<**«  _  Mp'MOM C)2  +  «'(€)*)  7  .  ,  /**\a\  1 

which  proves  the  result. 

Lemma  2.3  Let  u(£),u>(£)  be  a  solution  of  (1.1),  (1.2),  (1.3)  on  an  interval 
(— £,£],  (i  >  0  with  u/(£)  >  0  if  a  <  ty(£)  <  0.  Then  u,w  can  have  no  local 
maxima  or  minima  at  points  £  for  which  w(£)  =  a  or  w(£)  =  0. 

Proof.  Since  t i/(()  >  0  if  or  <  to(f)  <  0  certainly  w  has  no  local  maxima  w 
minima  at  points  where  w(£)  =  a.  On  the  other  hand  if  u(()  has  a  local  maximum 
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or  minimum  at  such  a  point  then  «'(£)  =  0  there  and  hence  by  (1.1)  u"(£)  =  0 
as  well.  Differentiating  (1.1)  with  respect  to  £  we  see  p"(a)  >  0  and  p"(0)  <  0 
implies  u"'(£)  ^  0  at  such  points  so  u  could  not  have  taken  on  a  local  maximum 
or  minimum. 

We  can  use  Lemmas  2.1,  2.2,  2.3  to  prove  the  following  useful  statement 
regarding  possible  connecting  orbits  in  the  two  phase  data  case.  (Notice  extrema 
of  u  are  denoted  by  r’s,  extrema  of  w  are  denoted  by  a’s.) 

Lemma  2.4  Assume  tu_  <  a,  >  0  and  let  u(f),u>( £)  be  a  possible 
solution  of  (1.1),  (1.2),  (1.3)  with  p  >  0  for  which  to'(£)  >  0  when  a  <  w($)  <  0. 
Then  one  of  the  following  holds: 

(0)  No  extremal  points:  u(£),  tu(£)  have  no  local  maxima  or  minima  on  [— L,  L\. 
They  axe  non-constant  and  monotone,  w  being  monotone  increasing. 

(i)  One  extremal  point:  (a)  tw(f)  has  a  minimum  at  some  <r_,  u>(<7_)  <  w-\ 
u(£)  is  decreasing  on  [— L,L]. 

(b)  w(()  has  a  maximum  at  some  <r+,  ti>(<7+)  >  w+;  u(£)  is  increasing  on 

[-£,£]. 

(c)  u(£)  has  a  maximum  at  some  r_  (or  r+);  u>(r_)  <  a  (or  tv(r+)  >  0) 
and  ty(f)  is  increasing  on  [—L,L). 

(d)  tx(£)  has  a  minimum  at  some  r;  a  <  w(t)  <  0  and  tu(£)  is  increasing 
on  [— L,L]. 

(ii)  Two  extremal  points:  (a)  tx(£)  has  a  local  maximum  at  r_  (or  r+)  and  a 

local  minimum  at  r;  is  increasing  on  [— L,L]  and  tw_  <  tu(r_)  <  a  or 

to+  >  t v(t+)  >  0,  a  <  w(t)  <  0 . 

(b)  to(£)  has  a  minimum  at  <7_,  w(a~)  <  u?_;  u(£)  has  a  local  minimum  at 
r,  r  >  <r_,  a  <  w(r)  <  0. 

(c) tu(^)  has  a  maximum  at  w(a+)  >  w+;  u(f)  has  a  local  minimum  at 
r,  r  <  <r+,  a  <  w(r)  <  0. 

(iii)  Three  extremal  points:  (a)  u(£)  has  local  maxima  at  r_,  r+,  and  a  local 
minima  at  r,  r_  <  r  <  r+ ;  to(£)  is  increasing  with  w~  <  io(r_)  <  a, 
a  <  u;(r)  <  0,  0  <  w(t+ )  <  w+. 

(b)  to(0  has  a  minimum  at  tu(<7_)  <  «?-.  and  a  maximum  at  <7+, 
to(a+)  >  to+  and  u(£)  has  a  local  minimal  at  r,  <7_  <  r  <  <7+,  a  <  tx?(r)  < 
0. 

(c)  to(£)  has  a  minimum  at  cr~,  tr(<7_)  <  u;_,  t*(£)  has  a  local  minimum 
at  r,  a  <  w(r)  <  0  and  a  local  maximum  at  ,  0  <  t v(r+)  <  u>+, 
a-  <  r  <  t+. 

(d)  u>(£)  has  a  maximum  at  <r+,  to(<7+)  >  w+,  u({)  has  a  local  maximum 
at  r_,  w~  <  w(t-)  <  a,  and  a  local  minimum  at  r,  a  <  t y(r)  <  0. 


Proof. 


(0)  No  extremal  points:  The  non-constancy  follows  from  Lemma  4.1  of  [7]  and 
w~  ^  u>+. 

(i)  One  extremal  point:  Either  u(£)  or  w(£)  is  monotone,  (a)  If  u(£)  is  decreas¬ 
ing  then  u’(£)  can  have  either  a  maximum  or  minimum.  But  Lemma  2.1 

(ii)  says  it  must  be  a  minimum. 

(b)  If  u(£)  is  increasing  the  same  reasoning  as  in  (a)  says  tt>(£)  can  possess 
only  a  maximum. 

(c,d)  On  the  other  hand  if  w(£)  is  monotone  it  must  be  monotone  increasing 
since  tu_  <  ty+.  By  Lemmas  2.1  (;ii),  2.2,  2.3  we  see  the  only  possibilities 
are  a  maximum  for  u  at  r_  (or  r+)  with  iu(t_)  <  a  or  u>(r+)  >  0  or  a 
minimum  at  r  with  a  <  w (r)  <  0. 

(ii)  Two  extremal  points:  First  consider  the  case  of  one  local  maxima  and  one 
local  minima  for  u(£).  (a)  Since  u>(£)  must  be  monotone  increasing  Lemmas 
2.1  (iii)  and  2.2  say  the  local  maximum  occurs  where  w  <  a  or  w  >  0  and 
the  local  minimum  occurs  where  a  <  w  <  0. 

One  local  maxima  and  one  local  minima  for  w{£)  is  impossible  with  u(£) 
monotone.  For  if  a\ ,  are  such  that  w  has  a  local  maximum  at  <j\  and 
&  local  minimum  at  o<i  we  must  have  =  0,  w"(a\)  <  0,  11/(02)  =  0. 

^”(^2)  ^  0-  Then  (1.2)  implies  t/(oi)  >  0,  1/(02)  <  O.So  monotonicity  of 
u  would  yield  u  a  constant.  Lemma  4.1  of  [7]  would  then  give  w  a  constant 
as  well  which  contradicts  u>_  ^  w+. 

(b)  If  u>(£)  has  a  minimum  at  o_  and  u(f )  has  a  local  minimum  at  r  then 
certainly  io(o_)  <  iu_.  That  means  r  >  o_  and  either  a  <  tv(r)  <  0  or 
W(T)  >  ft'  But  as  ty'(r)  >  0  Lemma  2.1  (iii)  says  ty(r)  >  0  is  impossible. 

(c)  If  to(£)  has  a  maximum  at  0+  and  u(£)  has  a  local  minimum  at  r 
analagous  reasoning  to  (b)  above  applies. 

If  u>(£)  has  a  minimum  at  o_,  ti)(o_)  <  iw_,  u  cannot  have  a  maximum 
on  [—£,£].  This  is  because  such  a  maximum  must  occur  at  rj,  t\  >  o_ 
implying  u'(o_)  >  0.  This  contradicts  Lemma  2.1.(ii).  Similarly,  if  w(£)  has 
a  maximum  at  <7+,  w(<7+)  >  u;^.,  u  cannot  have  a  maximum  on  [— L,  L\. 
Again  this  is  because  such  a  maximum  occurs  at  rj,  T\  <  0+  implying 
t/(<7+)  <  0  contradicting  Lemma  2.1.(ii). 

(iii)  Three  extremal  points:  (a)  First  w  cannot  have  three  extreme  points  by 
Lemma  2.1. (ii)  but  u  can.  By  Lemmas  2.1. (ii)  and  2.2  we  see  they  must  go 
sequentially  as  a  local  maximum,  local  minimum,  local  maximum. 

(b) If  w  has  two  extreme  points  one  must  be  a  minimum  at  cr_,  u>(«x_)  <  w~ 
and  the  other  a  maximum  at  o+,  ty(<7+)  >  w+.  Lemmas  2.1,  2.2  imply  that 
the  only  possible  extremal  point  for  u  is  a  minimum  at  r,  o_  <  r  <  r+, 
a  <  iv(t)  <  0.  If  u  has  two  extreme  points  and  ty  has  one  then  either 

(c)  w  has  a  minimum  at  cr_,  u>(<7_)  <  ty_  or 


(d)  a  maximum  at  <r+,  u>(<r+)  >  u>+.  In  (c)  ti/(£)  >  0  for  £  >  <?_  so 
Lemma  2.1.(iii)  says  u  must  have  a  local  maximum  at  t+,  J3  <  w(t±)  <  w+ 
and  a  local  minimum  at  a  <  t u(r)  <  /?,  <7_  <  r  <  cr+.  In  (d)  tt/(£)  >  0, 
£  <  so  again  Lemma  2.1.(iii)  says  u  must  have  a  local  maximum  at  r_, 
u?_  <  u>(r_)  <  a  and  a  local  minimum  at  r,  a  <  u >(r)  <  0,  r_  <  r  < 

This  completes  all  possible  cases  since  extremal  points  at  w  =  a  or  to  =  /? 
are  excluded  by  Lemma  2.3. 

Below  are  illustrated  sketches  in  the  u— to  plane  of  the  possible  cases  described 
in  Lemma  2.4. 


Figure  f. 
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Figure  2  cont’d 
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Theorem  2.5  Assume  u?_  <  a,  w+  >  0(w~  >  0,  tu+  <  a).  Then  there  is 
a  constant  Mi  such  that  every  possible  solution  of  (1.1),  (1.2),  (1.3),  0  <  p  <  1, 
with  ti/(0  >  0  (w'(()  <  0)  when  a  <  u?(£)  <  0  satisfies  the  estimate 


«wp  (KOI  +  KOI)  <  Ml- 


(HI) 


Ml  depends  at  most  on  u_,  u+,  iu_,  u>+,  e,  p  and  is  independent  of  p  and  L. 

Theorem  2.6  Assume  tt+  <  u-  and  w—,  w+  <  a  (u_  <  U+  and  w~,w+  > 
0)-  Then  there  is  a  constant  M2  such  that  every  possible  solution  of  (1.1),  (1.2), 
(1.3),  0  <  p  <  1,  satisfies  the  a  priori  estimate 


«up  (KOI  +  KOI)  ^  m2. 

-L<f<L 


(H2) 


M2  depends  at  most  on  u_,  u+,  u>_,  u>+,  e,  p  and  is  independent  of  p  and  L. 

Corollary  2.7  If  u>_  <  or,  tw+  >  0  (w-  >  0,tv+  <  a)  there  exist  solutions 
of  P«  which  satisfy  the  constraints  u/(£)  >  0  (u/(0  <  0)  when  a  <  w({)  <  0 ,  i.e. 
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the  one  phase  change  data  connecting  orbit  problem  possesses  a  one  phase  change 
solution. 

If  u^.  <  u  and  u>_,  w+  <  a  (u_  <  u+  and  w-,w+  >  0)  there  exist  solutions 
of  P(  which  satisfy  the  constraints  tu(0  <  a  (io(£)  >  0),  i.e.  the  single  phase  data 
connecting  orbit  problem  possesses  single  phase  solutions. 


Corollary  2.7,  our  main  result,  follows  directly  from  Theorems  1.3,  1.4,  2.5, 
2.6.  So  we  pass  on  to  verifying  Theorems  2.5,  2.6. 


Proof  of  Theorem  2.5  We  consider  the  cases  listed  in  Lemma  2.4  for  the  choice 
v>—  ^  a>  w+  >  ft*  The  proof  for  w~  >  0t  <  a  is  similar  and  is  omitted. 

(0)  No  extremal  points  certainly  implies  the  assertion  of  the  theorem. 

(ia)  Since  u  is  decreasing  we  have  u+  <  u(£)  <  u_.  Since  u;  has  a  minimum  at 
we  need  only  bound  w  from  below.  To  do  this  we  follow  the  method 
given  in  [7],  Theorem  4.2. 

Assume  a-  >  0  (similar  arguments  hold  if  <r_  <  0).  Integrate  (1.2)  from 
<r_  to  L  and  use  w'(o-)  —  0.  Then 

*v\l)  +  j  £u/(£)d£  s=  -n u(i)  -f 
Since  w\L)  >  0  we  have 


-fiU+  +  JXU(<7_). 


(2.1) 


'  C  >  max{l,<T_},  then  w’(£)  <  £u;'(0  on  (C,  L)  so  that  (2.1)  impUes 

w(L)- w(C)  =  ti>'((K<jf  (w'(f)d{  <  J  £«/(£)#<  -Aiu++Mu(<r_) 
and  hence 

W(C)  ^  w+  4-  -  nu(<7-).  (2.2) 

Since  u+  <  u(a~)  <  ti_,  0  <  n  <  1,  we  see  u>(£)  is  bounded  below 
independently  of  /i  and  L  if  1  <  <r_. 

If  0  <  <J-  <  1  integrate  (1.2)  from  <r_  to  £  where  <7_  <  £  <  1.  Then  we  see 


«"'(£)  +  f  C^'CCMC  =  — #*«(0  +  /iti(<r_). 


(2.3) 


Since  u/(£)  >  0  on  (<r_,L)  we  see  C^CC)  >  0  on  (<r_,£)  and  hence 

+  /«*(*-)»  *-<£<!•  (2-4) 

Integrate  (2.4)  from  a-  to  1.  We  then  see 


v  t1 

eu>(l)  -  eu;((7_)  <pj  (u(<r_)  -  «(£))<*£ 


or 


«u>(l)  -  p  f  (u(<r_)  -  u({)K  <  ew(a~).  (2.5) 

JO 


Since  u+  <  u(£)  <  u_  and  u;(l)  is  bounded  from  below  by  (2.2),  (2.5) 
provides  the  desired  bound  from  below  for  u>(<7_)  when  0  <  er_  <  1. 


Cases  i(b),i(c)  are  proven  similarly  and  in  fact  i(a-c)  fall  into  the  cases  treated 
in  Theorem  4  2  of  [7].  Case  i(d)  was  not  possible  in  [7]  because  of  the  assumption 
of  hyperbolicity.  Nevertheless  the  above  method  still  works  as  we  show  below. 

In  case  i(d)  u>(£)  is  increasing  so  w-  <  tv(£)  <  u>+.  Again  assume  r  >  0  as 
the  case  r  <  0  is  similar.  First  integrate  (1.1)  r  to  L .  This  yields 


“'(£)  +  J  {“'({)<*{  =  «■(<»+)  -  M»(r)). 


(2.6) 


Since  u'(X)  >  0  this  implies 

rL 


jf  £«'(0<£  £  M^+)  ~  PP(w(t)).  (2.7) 

If  C  ^  max{l,r},  since  u'(£)  >  0  on  (C,  £)  we  find  u'(£)  <  £u'(£)  on  (t,£)  and 

«+  -  ti(0  -  jf  «'(0<*£  <  J  £«'(0d£  <  J  Zu'(t)dZ  <  Mw+)  -  M^(r)). 


«(C)  >  u+  -  mp(w+)  +  mp(u?(t))-  (2.8) 

Since  a  <  u»(r)  <  we  see  for  1  <  r,  u(r)  is  bounded  from  below  independent  of 
fi  and  L.  Again  if  0  <  r  <  1  integrate  (1.1)  from  r  to  £  where  r  <  £  <  1.  Then 

we  see 

«*'(0  +  JT  C«'(C)<*£  =  Mw(0)  -  wKwOO). 

Since  {t/({)  >  0  on  (r,£)  we  find 


«*'(0  <  wKMO)  -  PPM^)), 


-  19  - 


and  integrating  from  r  to  1  we  see 

eu(l)  -  eu(r)  <  p  J  p(xv(t))  -  p(u>(r))d£ 

and  ^ 

en(l)  -  p  J  p(u'(0)  -  p{w(T))d£  <  €u(t).  (2.9) 

We  know  max(u_,  u+)  >  u(£)  so  u  is  bounded  from  above.  Since  w(£)  is  bounded 
(2.8),  (2.9)  implies  u(£)  is  bounded  from  below  on  [—L,L]  independently  of  p  and 

L 

ii(a)  Assume  u  has  a  local  maximum  at  r_,  tu(r_)  <  a.  (The  case  ttf(r+)  >  0 
is  proved  in  a  similar  fashion.)  Then  the  local  minimum  is  at  r,  r_  <  r, 
a  <  u>(r)  <  0.  For  w  we  know  w~  <  w(£)  <  w+.  Trivially  there  are  two 
possibilities  we  must  consider: 

r  >  0.  In  this  case  proceed  exactly  as  in  the  proof  of  i(d)  above  and  we  find 
u(£)  bounded  from  below  and  certainly  from  above  by  u+. 
r  <  0.  If  r  <  0  then  r_  <  0.  We  will  show  u(r_)  is  bounded  from  above. 
To  do  this  consider  the  first  case  r_  <  —1  and  then  the  case  —1  <  r_  <  0 
in  a  manner  similar  to  i(d).  This  proves  tx(r_)  will  be  bounded  from  above 
while  it  is  certainly  bounded  from  below  by  u _ 

So  we  find  either  it(r)  is  bounded  from  below  or  u(r_)  is  bounded  from 
above  where  the  bounds  are  independent  of  p  and  L.  In  the  first  case  we 
use  i(c)  on  —L  <  (  <  r  to  bound  u(r_)  from  above;  in  the  second  case  we 
use  i(d)  on  r_  <  {  <  f  to  bound  u(r)  from  below.  Again  the  boimds  will 
be  independent  of  p  and  L. 

ii(b)  If  r  >  0,  we  follow  the  argument  of  i(d)  to  note  that  u(r)  is  bounded  from 
below.  Here  we  use  the  fact  that  a  <  u>({)  <  w+  for  r  <  £  <  L.  Since 
'  u(r)  is  bounded  from  above  by  ma x(u_,  u+)  we  know  u(£)  is  botmded  from 
above  and  below.  Finally  we  used  result  i(a)  on  [-L,  r]  to  see  that  w  is 
also  bounded  from  below  at  <r_  €  (—  L,r). 

If  r  <  0  then  using  argument  of  i(d)  again  we  find 

«(<)  >  «-  -  pp{ w-)  +  PFi^(r))  (2.10) 

if  £  <  min{— l,r).  But  a  <  i «(r)  <  0  so  (2.10)  shows  u(r)  is  bounded  from 
below  if  r  <  —1.  If  — 1  <  r  <  0  then  argument  i(d)  can  be  used  again.  We 
give  the  argument  for  completeness.  First  integrate  (1.1)  from  r  to  £  where 
{  €  (— 1,  r).  This  yields 

«*'({)  +  f  C“'(0<*C  =  wK“>(0)  -  wM’’))- 


(2.11) 


On  (£,r),  Cu'(C)  >  0  so  the  integral  in  (2.11)  is  negative.  Thus  we  see 

« »'(0>m(pW0)-p(u>(t))).  (2.12) 

Now  integrate  (2.12)  from  —1  to  r.  This  implies  that 

'  t 

««(r)  >  eu(-l)  +  p  f  p(w(Z))  -  p(iv(r))d£.  (2.13) 


Now  tv(f)  <  t v(r)  on  (—1,  r)  since  a  <  u>(r)  <  /3.  Inspection  of  the  graph 
of  p  (see  Figure  3)  shows  that 


Figure  S. 

(Notice  p(io(0)  —  p(wiT))  becomes  positive  if  ti>(£)  decreases  below  7.) 
Inserting  (2.14)  into  (2.13)  we  find 


cu(r)  >  eu(-l)  +  p(t  +  l)(p(a)  -  p(£)) 

and  hence 

eti(r)  ^  eu(-l)  +  p(p(a)  ~p(0))' 

So  x i(t)  is  bounded  from  if  r  <  0.  Now  use  i(a)  on  (— L,r)  to  see  that 
w(a-)  is  bounded  from  below. 

ii(c)  This  case  uses  the  same  argument  of  ii(b).  In  this  case  we  need 

p(io(r))  -  p(u/(0)  >  P(Q)  ~  (2-15) 
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when  w(£)  >  t o(t).  (It  is  not  necessary  that  p(w )  — >  co  as  tv  — ►  oo.) 

iii(a)  In  this  case  w  is  monotone  increasing  so  to_  <  iv(£)  <  w+  on  [— £,,£].  As 
to  u  either  r+  >  0  or  it  is  not.  If  r+  >  0  we  use  an  argument  of  type  in 
i(c)  to  conclude  u(r+)  is  bounded  from  above.  If  r+  <  0  then  r_  <  0  and 
again  we  use  an  argument  of  the  type  in  i(c)  to  see  u(r_)  is  bounded  from 
above.  So  if  t+  >  0,  u+  <  u(t4_)  <  bound  from  above;  if  t+  <  0,  then 
ti-  <  u(r_)  <  bound  from  above.  But  now  we  have  reduced  the  problem 
to  ii(&)  which  we  have  already  considered. 

iii(b)  Either  r  >  0  or  it  is  not.  If  r  >  0  we  use  an  argument  as  in  ii(c)  to  find  for 
r  >  1 

«(t)  >  «+  -  pp(t»+)  +  h{p(w(t)).  (2.16) 

Since  a  <  w(t )  <  0  (2.16)  shows  u(r)  is  bounded  from  below.  If  0  <  r  <  1 
we  again  proceed  as  in  ii(c)  to  see 


eu(r)  >  eu(l)  +  p(p(a )  -  p(0)). 

So  u(r)  is  bounded  from  below. 

If  r  <  0  we  proceed  as  in  (ii)(a)  to  again  show  u(r)  is  bounded  from  below. 
So  in  either  case  u(r)  is  bounded  from  above  and  below.  We  now  use  i(a) 
on  (- L,t ]  and  i(b)  on  [r, L]  to  show  w(cr-)  is  bounded  from  below  and 
t»(«r+)  is  bounded  from  above.  Of  course  in  each  case  we  use  the  fact  that 
the  value  of  w  at  the  end  point  a  is  bounded  from  above  and  below  since 
a  <  w(<r)  <  0. 

iii(c)  If  r  <  0  proceed  as  in  ii(b).  First  note  that  if  £  <  min{— 1,  r}  then 

«(C)  >  «-  +  p(p(w-)  -  P(W(T))- 

Since  a  <  w(r )  <  0 ,  u(r)  is  bounded  from  below,  if  r  <  —  1.  If  —  1  <  r  <  0 
v  we  find 

eti(r)  >  eu(-l)  +  P(w(0)  -  p(ty(r))d£ 

where  ti>(£)  <  w(r),  — 1  <  <f  <  r.  In  this  case  figure  3  tells  us 


P(w(0)  ~  PMr))  >  P(a)  -  p(P) 

80 

eti(r)  >  eu(-l)  +  p(p(a )  -  p(0)) 
and  u(r)  is  bounded  from  below  for  r  <  0. 

If  r  >  0  then  r+  >  0.  We  then  estimate  u(r+)  from  above  as  in  i(c).  So  if 
C  >  max{r+,  1}  we  find 


u(C)  £  ti+  +  pp(w(r+))  -  pp(w+). 


(2.17) 


Since  /?  <  u>(r+)  <  u>+  we  know  u(r+)  is  bounded  from  above  if  r+  >  1.  If 
0  <  r+  <  1  we  find 

«i(r+)  <  eu(l)  —  M  /  PMO)  “  P(u>(r+))d£.  (2-18) 

^r+ 

'4 

But  0  <  to(^)  <  u>+  for  (  €  [r+,1]  so  the  right  hand  side  of  (2. IS)  is 
bounded.  So  if  r  <  0  we  see  u(r)  is  bounded  from  above  and  below;  if 
r  >  0  then  u(r+)  is  bounded  from  above  and  below.  Notice  that  for  the 
second  possibility  we  have  reduced  the  problem  to  Case  ii(b)which  we  have 
already  considered.  For  the  first  possibility  we  apply  i(a)  on  [— X,t]  to 
bound  ta(<r_)  from  below  remembering  the  end  point  w(t)  lies  in  (a,/?). 
Finally  apply  i(c)  on  [r,  X]  to  bound  u(r+)  from  above  again  using  the  fact 
that  w(t)  €  (o,/3). 

iii(d)  The  proof  is  analagous  to  iii(c).  This  completes  the  proof  of  the  theorem. 

Proof  of  Theorem  2.6  In  this  case  we  never  leave  the  hyperbolic  regime  p'{w)  < 
0.  To  see  this  consider  the  situation  w—  <  tv+  <  a.  By  Lemma  2.1  either  tw(£) 
is  monotone  and  hence  we  trivially  have  w _  <  ty(£)  <  u>+  or  tt(£)  is  monotone 
decreasing  and  ic(£)  possesses  at  most  of  critical  point  which  must  be  a  local 
minimum.  Thus  w(£)  <  a  on  [— X,  X],  Now  apply  Thm  4.1  of  [7].  The  other  cases 
are  done  analogously. 


3.  Existence  of  solutions  to  the  Riemann  problem:  the  case  when 
{(««(£).  “>«(£))}  are  uniformly  bounded 

In  this  section  we  consider  the  applicability  of  the  following  result  of  Dafermos 
(PI,  Thm.  3  .2)  to  prove  existence  of  solutions  to  the  Riemann  problem. 

Prop.  3.1  For  fixed  e  >  0,  let  (!*<({),  to* ({))  denote  a  solution  of  Pt.  Sup¬ 
pose  the  set  {(««(£)>  **><(£));  0  <  e  <  1}  is  of  uniformly  bounded  variation.  Then 
{(««(£),  u>e(£))}  possesses  a  subsequence  which  converges  a.e.  on  (—  oo,  oo)  to  func¬ 
tion  (u(£),u>(£))  of  bounded  variation.  The  pair  u(y),  u>(y)  provide  a  weak  solu¬ 
tion  of  P. 

In  order  to  apply  Prop.  3.1  we  need  the  desired  estimates  on  {(u€(£),u;t(£))} 
in  both  the  two  phase  and  one  phase  data  case.  First,  however,  we  state  an 
assumption  on  p(u>). 
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Assumption  3.2 

(a)  Assume  p(w)  —*  -foo  as  to  — ►  — oo. 

(b)  Assume  p(to)  — »  — oo  as  w  — ►  -foo. 

Now  we  can  state  an  existence  theorem  for  the  one  phase  data  case. 

Theorem  3.3  If  u_  >  u+  and  w-,w+  <  a  and  Assumption  3.2(a)  holds 
(or  u+  >  u_  and  w~,w+  >  j3  and  Assumption  3.2(b)  holds)  the  sequence 
{(ttc(O.w«(O);0  <  €  <  1}  as  given  by  Corollary  2.7  possesses  a  subsequence 
which  converges  a.e.  cn  (—00,00)  to  function  (u(£),  io(£))  bounded  variation. 
The  pair  ),  toff )  provides  a  solution  to  the  Riemann  problem  with  to(f )  <  a 

(®(f )  >/})■' 

Proof.  Since  the  sequence  {(u£(f),  to£(f))}  is  such  that  p'(we(£))  <  0  and  either 
to«(£)  <  a  or  to£(£)  >  Theorem  4.2(ii)  of  [7]  combined  with  Assumption  3.2  (a) 
or  (b)  yields  a  uniform  in  e,  £  bound  for  {tx£(f),to£(f)}  on  (—00,00).  Lemma  2.1 
applied  to  the  case  p  =  1,  —00  <  £  <  00,  shows  {(u£(£),to£(£))}  *s  °f  uniformly 
bounded  variation.  Prop.  3.1  thus  yields  the  result. 

We  now  move  on  to  the  two  phase  data  case. 

from  now  on  unless  otherwise  stated  we  assume  Assumption  3.2(a),  (b)  holds 
as  well  as  the  following  condition  of  genuine  nonlinearity. 

Assumption  3.3  p"{w)  >  0  if  w  <  a;  p"( w)  <  0  if  w  >  /?. 

We  now  proceed  to  give  a  sequence  of  lemmas  based  on  Lemma  4.1  [8]  that 
will  help  us  in  our  search  for  an  estimate  on  {ue(£)toe(£)}.  Here  and  for  the  rest  of 
this  paper  {u£(f)»  to£(£);  0  <  «  <  1}  denotes  the  solution  of  Pf  given  by  Corollary 
£.7  when  to_  <  0,104.  >  a.  (Results  for  the  case  u>_  >  to 4.  <  j3  can  always  be 
obtained  by  analagous  arguments  given  for  the  to_  <  o,  w+  >  (3  case.) 

Lemma  3.4  The  list  of  possible  graphs  for  (ue(£),  toe(£))  given  in  Lemma  2.4 
is  still  valid  when  L  =  00. 

Proof.  The  argument  given  in  the  finite  L  case  still  applies. 

Notation.  Points  of  minima,  maxima  of  u<(0»u’t(0  2116  denoted  as  in  Lemma 
2.4  with  the  addition  of  a  superscript  e  to  emphasize  the  dependence  on  e. 

Lemma  3.5  In  cases  0,  i(a,b,c )  of  Lemma  2.4  (u£(£),  to£(£))  are  uniformly 
bounded  independent  of  c  on  (— co,oo),  i.e.  there  exists  a  constant  N  depending 


i,*  h* 


at  most  on  u_,  u+,  ti>_,  tu+,  p  and  independent  of  c,  0  <  e  <  1,  such  that 


sup  MOi  +  k«(OI  <  JV- 

-oo<£<oo 


(3.1) 


Proof. 


Obvious. 


i(a).  In  this  case  u£(£)  is  monotone  decreasing  and  hence  u+  <  u(£)  <  u_  on 
(-oo,  oo).  Denote  We  claim  0  <  <  (f^fej)1''2  on 

(—00,  erf.].  For  if  not  set 

^m^et-oct);  ^  > +(_=1_)V2}. 

Since  w(  has  its  minimum  at  <rf_,  ^  =  0  there  and  so  £1  <  erf.  must  exist. 
A  direct  computation  shows 

✓<■*«»(£)*  (3.2) 

»  $(<&■(«)  =  o  at  £  =  Furthermore,  by  the  definition  £i  we  have  0  < 

ifc  <  +(~p'(».«))^1/2  on  md  thus  Sj(^SKO)  <  0  on  (fi.O 

<  0  at  £  =  4i«  On  the  other  hand  differentiation  of  (3.2) 

shows 

e^(~J~~(0)  =  -y'(to«(0)wi(0(^(0)2  at  £  =  £l* 

Since  Assumption  3.3  implies  p"(toe(£i))  >  0  and  we  know  u>£(fi)  <  0  we 
e2£r(^t(0)  >  0  at  £  =  ft,  a  contradiction.  So  we  see  a?(^-(0)  < 
0  on  (-oo,<t1].  Hence  for  any  £  €  (-oo,erf.],  ^(£)  <  ^-(-oo)  = 
+(-?(«,_)  )1/2'  Now  let  113  compute 

fM*L)  dw 

tD«(<r_)  —  w-  =  I  —~du  = 

Ju - 

‘  y/5,n 


and  thus 


/  1  \1/2 

w«(<ri)-u;-  >  -1—77- — r  )  (u_  -  u£(<rf_)). 


I 


I 


i 


V7' 
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Since  u+  <  u((ae_)  <  u-  (3.3)  shows  tw«(o,l.)  is  bounded  from  below  inde¬ 
pendent  of  t. 

The  proof  is  similar  to  i(a). 

In  this  case  u>e(£)  is  monotone  increasing  so  W-  <  toe(£)  <  w+  on  (—00,  00). 

Dc  iote  fe(0  =  We  claim  0  <  <  +(-p,(MO)1/2  on 

(— 00,  t!].  For  if  not  set 

&  =  max{£  €  (-00,  ri);  ^(£)  >  +(-p'K(0)1/2} 

where  tz«(£)  has  its  maximum  at  ri,  tuf(ri)  <  a.  (The  case  when  the 
maximum  is  at  r^,  >  f3  is  done  similarly).  Since  tte(£)  has  a  local 

maximum  at  ri  where  ^J-(£)  =  0,  £1  must  exist  with  £1  <  ri. 

A  direct  computation  shows 

4©(0)=pV'(fl)+(^(f))2  (3'4) 

80  ~  0  at  £  =  £j.  Furthermore  by  the  definition  of  £j  we 

have  0  <  ^(£)  <  +(-J>'(t0«(£)))1/2  on  (£i,ri)  and  thus  < 

0  on  (£i,ri).  So  we  have  <  0  at  £  =  £x.  On  the  other 

hand  differentiation  of  (3.4)  shows  =  p"(w<(0Wt(0  >  0 

at  &  and  we  have  >  0  at  £  =  £lf  a  contradiction.  So 

we  aee  &(%«))  <  0  on  (— 00,  ri]  and  hence  for  any  £  €  (— oo,ri], 
0  <  ^-*(0  <  =  +(-p'(tu-))1/2.  Now  we  compute 

u«(t-)  ~u-  =  Jw  ~^dw  -  (-p'(u,-))1/2(u,(r-)  -  «>-)• 

Since  w-  <  w(rt)  <  u>+  we  see  u{(ri)  is  bounded  from  above  independent 
of  e  for  u;(ri)  <  a.  As  noted  above  analagous  reasoning  shows  that  if 
tc(r+)  >j3we  have 

««(*+)  <  u+  +  (-p'(u>+))1/2( w+  -  ^(r^.)) 

and  since  u>_  <  u?«(r+)  <  u>+  an  e  independent  bound  on  u<(ri)  is  pro¬ 
duced. 


Lemma  3.C  Let  re  denote  the  points  where  «e(0  takes  on  its  local  minimum, 
a  <  we(Te )  <  p.  If  there  is  a  subsequence  {r£n  }  of  {r£},  en  ->  0+  such  that  either 

(a)  r*n  >  m  >  0  or  r€n  <  —  m  >  0,  m  a  constant  independent  of  e,  or 

(b)  ut(r€ »)  is  bounded  from  below  independent  of  e, 
then  for  Case  i(c)  {(uen(£)>u>e„(0)}  satisfies  (3.1). 

Proof.  Assume  T«n  <  _m  >  o.  Then  u'n(£)  <  0  on  (-oo,ren]  and  £u'n(£)  > 
~~mue%(0  on  (-oo,re,‘].  Integrate  (0.5)  from  — oo  to  r£n  and  we  see 

-m(ts<(r<*‘ )-«-)<  r  fu'n (0^  =  p(a>(re» ))  -  p(u,_ ) 

J—oo 

and  hence 

)  +  p(w-  ))  -  ti-  <  u(ren  ).  (3.5) 

Since  u>e(£)  is  monotone  w-  <  we(£)  <  ti>+  and  we  see  ue(r<B)  is  bounded  from 
below  independent  of  e.  The  case  re»  >  m  >  0  is  done  similarly.  So  in  (a)  or  (b) 
«(T<*)  is  bounded  from  below  and  hence  {(«*„(£)>  w«n(0); 0  <  e„  <  1}  satisfies 


Lemma  3.7  In  Cases  ii(a),  (b),  (c),  iii(a),  (b),  (c),  (d)  assume  {rc}  satisfies 
the  hypothesis  of  Lemma  3.6.  Then  {(u£n(O,«>e«(f));0  <  e„  <  1}  satisfies  (3.1). 

Proof  ii(a).  Let  rln  denote  the  point  where  u£„(£)  has  its  local  maximum, 
WeB(fin)  <  o.  The  method  of  proof  for  i(c)  in  Lemma  3.5  shows  uCn(rin)  is 
bounded  from  above  independent  of  e„;  u£(ri)  is  bounded  from  below  by  u_. 

-  If  Te»  <  -m  <  0  we  know  £u'n(£)  >  -mu^O  on  (rin,r€").  Integrate  (0.5) 
from  rlw  to  rtn .  We  see 

-m(ueB(ren)  -  u£n(ri"))  <  p(u;£n(re"))  -  p(u>£n(ri")).  (3.6) 

Inequality  (3.6)combined  with  the  monotonicity  of  u»£n  (£)  gives  the  bound  on 
ut*(rtn)  from  below.  If  rCn  >  m  >  0  integration  of  (0.5)  from  rtn  to  oo  produces 
the  bound  from  below  on  ufn(r*n).  So  if  the  hypothesis  of  Lemma  3.6  holds, 
{(«««(£)>  ^nCO)^  <  Cn  <  1}  satisfies  (3.1). 

ii(b).  First  consider  the  case  when  re"  <  -m  <  0.  Proceed  as  in  the  proof  of 
Lemma  3.6  to  (3.5).  Since  a  <  t o(n(rtn)  <  ft  (3.5)  delivers  a  bound  on  u£b(t£b) 
from  below.  Now  use  the  method  of  proof  of  Lemma  3.5  1(a)  to  bound  tu<n(£) 
from  below.  If  r<B  >  m  >  0  (or  u«w(r<n)  is  already  bounded  from  below)  an 
aaalagous  argument  works. 
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11(c).  Proceed  as  in  the  proof  ii(b)  above  only  now  use  the  argument  of  Lemma 
i(b)  to  bound  u>«„(£)  from  above. 

Ui(a).  First  bound  the  two  local  maxima  of  tt«n(0  from  above  as  in  the  proof 
of  Lemma  3.5  i(c).  Now  follow  the  proof  of  ii(a)  above  to  bound  ut  (ren)  from 

below. 

iii(b).  Proceed  as  in  the  proof  of  Lemma  3.6  to  bound  ue„(ren)  from  below.  Then 
bound  wtn(<reJ?)  from  below  and  u><n(<r!L)  from  above  via  the  proof  of  Lemma  3.5 
i(a),(b). 

iii(c).  First  bound  the  local  maximum  of  u«n(£)  from  above  by  the  method  of 
Lemma  3.5  i(c).  Then  bound  the  local  minimum  u<n(r<B)  from  below  by  the 
method  of  ii(a)  above.  Now  use  the  method  of  Lemma  3.5  i(a)  to  bound  i wtn(a^*) 
from  below. 

iii(d).  The  proof  is  analagous  to  iii(c). 

We  are  now  in  a  position  to  state  the  main  results  of  this  section. 

Theorem  3.8  Assume  w-  <  a ,  to+  >  0  (or  w _  >  a,  xv+  <  0)  and  let 
(u«(£),u>e(£))  denote  the  solution  of  P€  given  by  Corollary  2.7.  Let  Assumptions 
3.2,  3.3  and  the  hypothesis  of  Lemma  3.6  hold.  Then  {u€n(O;wfn(£);0  <  en  <  1} 
possesses  a  subsequence  which  converges  a.e.  on  (— oo,  oo)  to  a  function  u(£),w(£) 
of  bounded  variation.  The  pair  u(j),  w(j)  provides  a  solution  to  the  Riemann 
problem. 

Prooflf  w-  <  a,  w+  >  0  use  Lemmas  3.5,  3.6,  3.7  and  Prop.  3.1.  If  w-  >  0, 
to+  <  a  we  can  prove  a  similar  set  of  lemmas  to  Lemma  3.5,  3.6,  3.7  and  again 
use  Prop.  3.1. 

"•  Remark  3.9  If  the  hypothesis  of  Lemma  3.6  does  not  hold  then  re  — ►  0, 
u«(re)  — ♦  — oo  as  e  — ►  0-K 

Proof.  If  re  0  as  e  —►  0+  then  there  is  a  subsequence  {r**}  so  that  jr<fc|  > 
m  >  0,  m  a  positive  constant  independent  of  ejfc.  From  this  subsequence  we  can 
extract  another  subsequence  so  that  either  r<n  >  m  >  0  or  ren  <  —m  <  0,  a 
contradiction.  On  the  other  hand  if  r€  — ►  0  and  u£(re)  ■/*  — oo  then  of  course  the 
hypothesis  of  Lemma  3.6  holds. 

Ftom  Remark  3.9  we  see  that  the  only  situation  which  may  cause  difficulty 
vis-a-vis  solvability  of  the  Riemann  problem  (at  least  under  Assumptions  3.2,  3.3) 
is  when  re  — ♦  0,  u£(re)  — *  — oo  as  e  — *  0+ .  This  possibility  is  the  subject  of  the 
next  section.  Of  course  if  we  were  to  make  the  hypotheses  that  u£(f),  »s  uniformly 
bounded  independent  of  e,  0  <  e  <  1,  when  a  <  we(£)  <  0  then  existence  of  a 
solution  to  the  Riemann  problem  follows  trivially  from  Lemma  3.6. 
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.  4.  Existence  of  solutions  to  the  Riemann  problem:  the  case  when 

u«(re)  ->  -oo  as  r£  ->0 

In  this  section  we  discuss  the  possible  consequences  of  the  case  when  ut(re)  — » 
— oo  as  r* !-»  0.  (We  use  the  notation  of  Section  3.) 

Our  first  goal  is  to  show  u£(£),  u?<(£)  has  a  pointwise  a.e.  limit.  To  do  this  we 
need  a  sequence  of  lemmas.  The  first  one  is  modeled  on  Thm.  2.3  of  [S].  We  let 
Assumptions  3.2,  3.3  hold  in  this  section. 

Lemma  4.1  Let  (ue(f),u;£(£))  be  a  solution  of  Pt  as  given  by  Corollary  2.7 
when  w-  <  a,  w+  >  jd.  Let  u  =  min(u_,u+).  Then  if  tte(£)  has  a  local  minimum 
at  Te  with  a  <  tu£(re)  <  £  (as  in  Cases  i(d),  ii(a),(b),(c),  iii(a),(b),(c),(d)  of 
Lemma  2.4  with  L  =  oo ,  p  =  1)  we  have  the  estimates 


lVo(<r2  ~  <^l)  >  f  “e(0 >  u(cr2  -  cr\ )  -  (p(/3)  -  p(a ), 
J<T\ 

-  _  —  <  ut{£)  <  No ,  -oo  <  £  <  oo. 


Here  (<Ti,<72)  C  (— oo,oo)  and  Nq  is  a  constant  independent  of  e. 


(4.1) 


(4.2) 


Proof.  The  bound  from  above  on  «£(<f)  in  (4.1),  (4.2)  follows  from  the  proof  of 
Lemmas  3.5,  3.6,  3.7.  So  we  now  proceed  to  get  the  bounds  from  below.  We  first 
check  i(d).  Fix  £  <  oo  sufficiently  large  so  that  tv((—£)  <  a,  we(£)  >  /?.  Assume 
far  the  moment  ue(-£)  <  ue(£),  and  let  $  >  —  £  be  such  that  u£(0)  =  u£(-f). 
Then  as  shown  in  Figure  4  we  have  ue(£)  <  ue(— £)  on  (-£, 9 ),  ue(£)  >  uf(—£)  on 
8  <  £  <  £  when  —£<  r£  <  6  <  £.  From  (0.10)  we  know 


e(u«(0  -  «<(-£))"  +  ((ut(0  -  ««(-*))'  -  p(wty 

•v 

and  integration  of  (4.3)  from  —£  to  6  shows 


(4.3) 


»'.(«)  -  «*'«(-<)  -  M«<( 0  -  «.(-<))<*(  =  pK(S))  -  (4.4) 


But  1/(0)  >  0,  u\—£)  <  0  and  hence  we  have 


/V(-Q- 


U£(0)<*£  ^  p(u>e(0))  -  p(w£(-f)). 


Now  since  tu£(0)  >  w((— £)  we  know  the  right  hand  side  of  (4.5)  is  bounded  from 
above  by  p(/3)  —  p(a).  So  for  any  (oi,a2)  C  (—£,8)  we  have 


/  (ut(-f)  -  u{(())d(  <  P(fi)  ~  P(<*) 

J9\ 


(4.6) 
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and  hence 


U.(-0(<T2  -<-!)-  W)  -  PM)  <  J 


Letting  £  — ►  4-oo  we  find 


V(C2  -  Oi)  -  (p(0) 


-!*<>))<  r 

Jo  1 


If  (<Tl,  <T2)  C  (0,0  then  «<(£)  >  and  we  see 


Finally  if  —  l  <  a\  <  9,  6  <  C2  <  f  we  write 

r  =  f  ««(o*  +  r 

Jo\  Jo\  J9 

and  use  (4.7),  (4.8)  to  again  obtain  (4.1). 

lb  get  the  bound  from  below  in  (4.2)  we  observe  from  Figure  4  that  when 
r*  <  £  <  6  we  have 

(««(-<)  -  «({))({  -  t‘)  <  JM-f)  -  u «({))<(£.  (4.9) 

FVom  (4.9)  and  (4.6)  we  see 

(«.(-<)  -  «<(£))(£  -  r‘)  <  P<j3)  -  p(a).  (4.10) 

-  SO  - 


l»V*‘ 

K'r 


i 
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(4.10) 


Now  letting  £  —*  oo  we  obtain  (4.2).  If  —  £  <  £  <  re  we  again  obtain  (4.2)  and 
of  course  if  6  <  £  <  £  we  trivially  get  (4.2).'  The  proof  for  ut(-£)  >  u{(£)  is 
analogous. 

Without  going  in  details  we  sketch  the  appropriate  constructions  for  ii(a), 
iii(a)  if  u((—£)  <  uf(£)  in  Figure  5.  Cases  ii(b),  ii(c)  axe  done  like  i(a).  Cases 
iii(b),  (c),  (d)  are  done  like  ii(a).  In  all  cases  crucial  to  the  argument  is  the  fact 
that  xv((6)  >  we(Z)  so  that  p(w((8))— p(w€(Q)  <  p(j3)—p(a)  and  inequality  (4.6)  is 
obtained  without  any  monotonicity  restrictions  on  w (({)  (in  contrast  to  Thm.  2.3 

f  181). 


E 


Figurt  5.  Case  ii(a).  Integrate  (1-3)  from  C  to  B. 


k 


£  r  •  t  e  t 


-t  c  r  t  e  t 

Figure  6.  Case  iii(a).  Integrate  (4-3)  from  £  to  9. 

This  completes  the  proof  of  the  lemma. 

Lemma  4.2  Let  {u£(£),tye(£);  0  <  e  <  1}  be  a  solution  of  Pt  as  given  by 
Corollary  2.7  when  w-  <  a,  tu+  >  /?.  Then  for  any  given  compact  subset  5  of 
(—oo,0)  or  (0,oo)  there  exists  constants  K  and  Co  (depending  at  most  on  u_,  u+, 
u;_,  w+,  p,  S )  so  that 

8UP(I“«(I)I  +  MOD  <  K  for  0  <  e  <  e<>- 
f€5 

Proof.  Let  S+  C  (a,  6],  5_  C  [—6, —a],  0  <  a  <  b  <  oo.  Then  for  e  sufficiently 
small  |rej  <  a/2  and  (4.2)  yield  sup  |ue(£)|  <  K.  We  now  need  to  get  a  similar 

*€S± 

estimate  on  tt><(0-  In  Cases  i(a),  (b)  of  Lemma  2.4,  the  proof  of  Lemma  3.5,  3.6, 
3.7  yields  a  uniform  in  e  and  £,  (— oo  <  £  <  oo),  bound  on  wt(£)  where  as  in 
Cases  0,  i(c),  ii(a),  iii(a)  iy£(0  is  monotone  so  that  trivially  u>_  <  iy£(0  <  u>+  for 
£  €  (— oo,  oo).  Hence  the  only  cases  left  to  check  axe  ii(b),  ii(c),  iii(b),  iii(c),  iii(d). 

Case  ii(b).  On  S+,  tyf(0  is  uniformly  bounded  in  e,  £  so  we  need  only  check 
S-.  Let  Tj  6  S-,  C  €  S+-  For  e  sufficiently  small  17  <  r<  <  £.  Integrate  (0.10)  from 
rj  to  {  to  obtain 

«*'*( 0  ~  'Kin)  +  I  £«<(0 d£  ~  p(M 0)  -  p(M0)-  (4.10) 

Since  u*(C)  >  0,  u'^tj)  <  0  (4.10)  implies 


UK  <  pMO)  -p{w((T})) 


£ 

! 

i 


Kr 


and  integration  by  parts  yields 


Cu«(0  -  nM7?)  ~  /  u«(0<*£  <  P(^<(0)  -  KMl))-  (4.11) 

A 

Now  use  (4.1),  (4.2)  to  bound  the  left  hand  side  of  (4.11)  from  below 

Tf|a^  -  -  lVo(C  -  r?)  <  p(u?<(0)  -  p{we(Tj)).  (4.12) 

Since  a  <  u>£(C)  <  tu+  we  see  p(toe(C))  <  p(/3).  Hence  combined  with  this  fact 
and  |C  —  f€|  >  a/2  we  see  that  (4.12)  yields 

_i|u|  -  — -  bN0  -  p(0)  <  -^iw^t/))  (4.13) 

Since  wt(r])  <  /?,  (4.13)  and  the  fact  that  p(tu)  — ►  +oo  as  to  -»  — oo  show  1^(77) 
uniformly  bounded  in  e,rj  for  €  sufficiently  small,  tj  £  S- . 

Cases  ii(c),  iii(b).  Proceed  in  a  similar  fashion  as  Case  ii(b). 

Case  iii(c).  From  the  mean  value  theorem  there  is  C  €  [1, 2]  so  that  u'(()  = 
u«(2)  —  uc(l)  so  by  (4.2)  eu'e(Q  is  uniformly  bounded.  So  for  this  C  and  arbitrary 
1 7  €  S’—  we  again  derive  (4.10)  and  since  <  0  we  find 

«*«(0  -  /*  <  ?(<"«( 0)  -  p(w«0?)) 

^  K0)  -  p(^e(rj)). 

The  same  argument  as  given  above  for  case  ii(b)  shows  w€(tj)  uniformly  bounded 
in  e,  tj  for  e  sufficiently  small,  7  6  5_. 

Case  Hi(d).  Proceed  analogously  as  in  Case  iii(c). 

Another  set  of  bounds  on  (ue(C),  u;e(C))  is  provided  by  the  next  lemma. 


Lemma  4.3  Let  {ue(Zj,tv((Z);0  <  e  <  1}  be  a  solution  of  Pf  as  given  by 
Corollary  2.7  when  <  a,  tn+.  >  /?.  Let  of.,  0+  denote  the  points  of  local 
minima  and  maxima  for  u>£(C)  and  re  the  point  of  local  minima  for  u«(£)  (when 
they  exist).  Define  u  =  min(u_,u+). 


W)  -  M)\ 

K-t*|  ) 


+  U>_ 


(  P'(^+)) 


Then  in  cases  of  Lemma  2.4  (with  /i  =  1,  L  =  oo)  we  have  the  following  estimates: 
In  cases  0,  i(a,b,c),  (3.1)  holds. 

In  the  rest  of  the  cases  ue(£)  satisfies  (4.2)  and  wt(£)  satisfies 


to_  <  u>£(|)  <  rv+  in  Cases  i(d),  ii(a),  iii(a); 
B7  <  iw«(0  <  w+  in  Cases  ii(b),  iii(c); 
ti;_  <  ty£(0  <  B7  in  Cases  ii(c),  iii(d); 

B~  <  to£(£)  <  B7  in  Case  iii(b). 


Proof.  For  Cases  0,  i(a,b,c)  the  result  was  given  in  Lemma  3.5  and  Cases  i(d), 
ii(a),  iii(a)  are  trivial. 

For  Case  ii(b)  follow  the  method  of  proof  of  Case  1(a),  Lemma  3.5.  Upon 
reaching  inequality  (3.3)  replace  u£(erl)  by  the  bound  from  below  given  by  (4.2). 
Similarly  in  Case  ii(c)  obtain  the  bound  for  we(&+)‘- 

-  U7«(<4)  <  -  Ue(<7<_)) 

and  again  bound  ut(o+)  using  (4.2).  Case  iii(c)  follows  like  ii(b),  Case  iii(d)  follows 
like  ii(c),  and  Case  iii(b)  uses  the  arguments  of  both  ii(b)  and  ii(c). 

We  now  combine  Lemmas  4.2  and  4.3  to  get  the  following  improved  estimate 
on  {««(£)>  “>«(£);  0  <  e  <  1}. 


Lemma  4.4  Let  {u£(f),u;£(£);0  <  e  <  1}  be  a  solution  of  P(  as  given 
by  Corollary  2.7  when  u>_  <  a,  w+  >  /?.  Then  on  any  semi-infinite  interval 
(— oo,  —a]  or  [a,  oo),  a  >  0  there  exists  constants  k  and  eo  (depending  at  most  on 
u_,u+,u>-,ta+,p,a)  so  that 


sup  (MOI  +  MOI)  ^ 

(— ao,a] 

sup  (MOI  +  MOD  < 

(o,oo) 


(4.14) 


for  0  <  e  <  co- 


Proof.  The  bounds  on  u£({),  u;£(0  in  Cases  0,  i(a,b,c)  are  known  from  inequality 
(3.1).  For  the  rest  of  the  cases  the  bounds  on  u£(0  follow  from  inequality  (4.2). 
So  we  only  have  to  produce  the  relevant  bounds  on  u>£(0-  Here  again  Lemma  4.3 
tells  us  Case  i(d),  ii(a),  iii(a)  are  trivial  so  let  us  move  on  to  Case  ii(b).  In  Case 
ii(b)  we  know  from  Lemma  4.3  that  B~  <  u>£(£)  <  u>+ .  Since  re  — »  0  as  e  — ►  0+, 


will  be  bounded  from  below  for  sufficiently  small  e  if  a€  -f*  0  as  c  — »  0-K  On 
the  other  hand  if  — ►  0  as  e  — ►  0+  it  means  the  minimum  of  w(  on  (—00,00)  is 
taken  on  at  a€_  where  |crf_  |  <  C,  a  constant.  If  —  C  <  erf.  <  —a  then  Lemma  4.3 
tells  us  tue(<rl)  is  bounded  from  below.  If  —a  <  o\_  <  0  then  the  minimum  of  u>£ 
on  (—00,  —a]  is  taken  on  at  £  =  —a.  By  Lemma  4.2  we  know  wt (— a)  is  uniformly 
bounded  from  below,  and  so  we  see  u>£(£)  has  a  uniform  (in  £,  e)  bound  from  below 
on  (—00,— a].  The  other  cases,  i.e.  ii(c),  iii(b),  (c),  (d)  follow  similarly. 

Lemma  4.5  Let  {u£(O,w«(O*0  <  t  <  1}  be  a  solution  of  Pe  as  given  by 
Corollary  2.7  when  io_  <  a,  >  0.  Then  sequence  (u£(£),  wt(£))  possesses  a 
subsequence  which  converges  a.e.  on  (—00,00)  to  functions  (u(£),w(£)).  On  com¬ 
pact  subsets  of  (— oo,0)U(0,  00)  the  convergent  subsequence  is  bounded  uniformly 
in  e  with  uniformly  bounded  total  variation.  The  limit  functions  have  bounded 
variation  on  compact  subsets  of  (— 00, 0)  U  (0, 00). 

Proof.  On  the  finite  domain  [—1,  —1/2]  U  [1/2,2]  (=  R2)  Lemma  2.4  (with  /i  = 
l,Zi  =  00)  and  Lemma  4.4  combined  with  Helly’s  theorem  ([10],  p.  222)  provides 
a  convergent  subsequence  {(u<2(f),ic£2(£))}  which  converges  boundly  to  functions 
u(£),te(£)  defined  on  722;  u(£)>  w(0  have  bounded  variation  R2.  Now  consider 
{u<3(£),U7£2(£)}  on  [—3, —1/3]  U  [1/3,3]  (=  723).  Again  we  extract  a  convergent 
subsequence  which  converges  boundedly  to  the  functions  u(£),  u>(£)  on  R2  and 
extensions  of  u(£),  ie(£)  (also  denoted  by  the  same  letters)  on  72 3.  Continue  this 
process  on  each  Rn,  n  =  2, 3,4, . . .  Finally  extract  the  diagonal  element  of  each 
enumerated  sequence.  The  sequence  of  diagonal  elements  is  convergent  at  each 
(  ^  0  to  functions  ti(£),  w(f )  defined  on  (—00, 0)  U  (0, 00).  The  remarks  regarding 
compact  subsets  of  (— 00, 0)  U  (0, 00)  follow  directly  from  Helly’s  Theorem. 

Lemma  4.6  The  functions  u(0,  w(0  defined  by  Lemma  4.5  satisfy  the 
boundary  conditions 

u(~oo)  =  u_  ,  u(-oo)  =  ti+, 
u>(— 00)  =  W-  ,  u>(+oo)  =  w+. 

Proof.  We  follow  the  proof  of  Thm.  3.2  of  [7].  Let  y£(£)  =  f(y£)  = 

Then  (0.10),  (0.11)  imply 

^(«p(^2/2e)y  'e(O)  =  ^(Vfly<)y'<(0exp(^)) 

and  integrating  from  1  to  £,  £  >  1,  we  find 

«*p(^/2«)yl(0  ~exP(^)y«(i) =  ~  J  Vfly<)y<(C)e*p(^HC- 
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Since  by  Lemma  4.4  |y<(0!  is  uniformly  bounded  by  k  on  [1,  oo)  we  know  JVf^y^)!  < 
R  for  some  constant  R  >  0.  Thus 

l«*p($2/2e)y'e(OI  <  lexp(^)y'(l)l  +  ~  J  |y<(C)|exp(^)dC 

\ 

and  usinj,  Gronwall’s  inequality  we  find 

|exp(£2/2e)y'(f)l  <  |exp(^)y'(l)|exp 


and  hence 


Now  note  that 


I/, (01  <  l/.(i)l«p(— — %+-~ -)■ 


(4.15) 


»p(f2/2«)yi(0  =  zi  + 1 Ky.(O)'  exp(^)';C 

=  *i  +  i*(ye(0)«xp(^)  -  jl(y<(i))«>tp(^) 
-pr^<f(y((0)«p(^)<JC 
=  ij  +  il(y,(0)«p(|j)  -  ^  J* Cf(y<(C))«cp(^)A; 


and  hence 


yi(f)  =  z2«p(-£)  +  i(lyc(0)  -  i  ^  Cfl>.(0)«p(Q<*C.  (4.16) 


Here 


*2  cxp(-$2/2e)d^  =  ye(2)  -  y«(l)  J  *(y  < 


+  ?/  ^y«^))exp(|j)rf^ 


(4.n; 


So  from  (4.16)  we  see 


|y'«(l)l<l^|exp(-i)+i|((y<(l))| 


-  ,  .  .  1  .  const. 

<  |*2 1  exp(  — )  +  - 


(4.18] 


FVom  (4.17)  and  the  inequality 


'ij'itl  Ij  1.4  #.*  M .M.'iV 


we  see 


.  .  .  const,  const.  .2  2. 

1*2 1  <  (const.  H - - - 1-  — j—  exp(-))exp(-) 

c  c  c  c 


and  hence  by  (4.18)  that 


lyUDIS^exp^). 


(4.19) 


Now  insert  (4.19)  into  (4.15)  to  find 


wgi  <^(mz2x±±±y 


(4.20) 


So  for  £  >  R+(R2-2R+&)1/2  (4.20)  shows  that  |y'e(0!  -  0  as  e  — ♦  0-K  Recalling 
that  (u€(f),  we(0)  converge  pointwise  to  ti(f),  u>(f)  we  see  **(£),  w(0  must  be 
constants  for  £  >  R  +  (R2  —  2 R+  8)1/2.  Since  for  any  e  >  0  lim  tie(f)  =  u+ , 

£-400 

lim  we(£)  =  w+  these  constants  must  u+,  w+.  A  similar  argument  works  for 

(  —  —co. 

Corollary  4.7  The  functions  u(£),  w(£)  defined  by  Lemma  4.5  satisfy  the 
conditions 

«(0  =  u(0  =  u+ 

i  <  -M,  i  >  M 

w(0  =  te(f)  =  u>+ 

for  some  positive  constant  M. 

Lemma  4.8  The  functions  u(£),  u;(£)  defined  by  Lemma  4.5  satisfy 


p(v)'  -  €uf  =  0 

-V  -  fu;'  =  0 


(4.21) 


in  the  sense  of  distributions  at  any  £  ^  0. 

At  any  point  £o  r  0  of  discontinuity  of  u(£),  w(0  the  Raakine-Hugoniot  jump 
conditions  are  satisfied 


p(u>(£o+))  ~  pM£o-))  -  £o(u(£o+)  -  “(So-))  =  0, 
”(u(£o+)  -  «(&-))  -  £o(u>(£o+)  -  U’(fo-))  =  o. 


(4.22) 


Proof.  On  any  compact  subset  of  (0,  co)  or  (— co,0)  we  have  a  sequence  of  solu¬ 
tions  of  (0.10),  (0.11)  which  converges  boundcdly  a.e.  Hence  if  we  multiply  (0.10), 
(0.11)  by  C°°  test  functions  with  compact  support  excluding  £  =  0,  integrate 
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by  parts,  pass  to  the  limits  as  the  relevant  sequence  of  e's  goes  to  zero,  and  use 
the  Lebesgue  dominated  convergence  theorem'we  obtain  (4.21).  Equation  (4.22) 
follows  from  (4.21)  in  the  standard  manner  (e.g.  [7],  (3.14)). 


Corollary  4.7  and  Lemma  4.8  take  us  very  close  to  asserting  solvability  of 
the  Riemann  problem.  Unfortunately  we  still  must  deal  with  the  behavior  of  u, 
w  at  the  troublesome  point  £  =  0,  i.e.  we  have  yet  to  show  u,w  solve  (4.21)  in 
a  neighborhood  of  £  =  0.  In  fact  the  derivation  of  the  Rankine-Hugoniot  jump 
condition  for  weak  solutions  [S]  shows  that  u,w  will  be  a  distributional  solution  of 
(4.21)  at  £  =  0  if 


lim  p(w(0)  =  .lim .  p(w(£)), 
♦O—  '0+ 

lim  u(£)  =  lim  u(£), 
£—0-  v  £—►()+ 


(4.23) 


where  the  indicated  limits  exist  (finite). 

Before  pursuing  the  study  of  (4.23)  we  first  show  that  u(f),  u>(£)  are  locally 
integrable.  First  we  make 


Assumption  4.9  Assume 


l/s“p(CMCI 

M 


— ►  oo 


as  |u?|  — *•  oo. 


Lemma  4.10  If  Assumption  4.9  holds  then  {u;t(f)}  has  absolutely  equicon- 
tinuous  integrals  and  the  functions  u(£),  u>(£)  defined  by  Lemma  4.5  are  locally 
integrable  in  (—00,00). 


Proof.  First  we  know  from  Lemma  4.1  (4.1)  that  |u<(£)l  is  locally  integrable. 
Since  a  subsequence  of  u<(£)  converges  to  u(£),  Fatou’s  theorem  implies  the  limit 
function  u(£)  is  locally  integrable.  To  show  local  integrabilitv  of  u-(£)  we  proceed 
indirectly-  A  theorem  of  D.  Vitali  ([11],  p.  152)  tells  us  that  if  {u><(£)}  have 
absolutely  equicontinuous  integrals,  then  u>(£)  is  locally  integrable  and  moreover 

lim  f  wen({)d(  =  f  w(£)d£.  (4.24) 

<m— 0  J0x  J 9x 

Here  the  limit  is  taken  on  the  a.e.  convergent  subsequence  of  u><(£)  denoted  as 
Recall  that  to  have  an  absolutely  equicontinuous  integral  we  need  for 
every  S  >  0  there  is  a  C(6)  such  that  if  0  <  (72  —  o\  <  £(£) 


u>«(0d£|  <  &  for  all  e  >  0. 


We  now  establish  absolute  equicontinuity  of  the  integral  of  to£(f)  by  using 
the  argument  of  Lemma  3.4  of  [S]  (which  is  itself  a  variant  of  the  test  of  de  la 
Valee-Poussin  [11],  p.  154.) 

First  notice  however  that  in  i(d),  ii(a),  iii(a)  of  Lemma  2.4  there  is  nothing 
to  prove  since  toe(£)  is  monotone  and  hence  uniformly  bounded  in  £,  e.  Also  recall 
Cases  0,  i(a),  (b),  (c)  were  covered  by  Theorem  3.S.  So  we  need  only  consider 
Cases  ii(b),  (c),  iii(b),  (c),  (d). 

Let  us  consider  Case  ii(c).  Given  any  interval  (^1,^2)  we  either  (I)  divide  it 
into  the  subintervals  (£i,fe]  where  w _  <  ioe(£)  <  0  and  [te ,£2)  where  0  <  io€(.f), 
wt(te)  =  0,  (II)  we(0  >  0  on  (£1,^2)  or  (HI)  we(£)  <  0  on  (£i,£2). 

First  we  consider  possibility  (I). 

Multiply  (0.10)  by  ue  and  (0-11)  by  — p(io)  and  add.  If  we  define  rj(u,w)  = 

TT  ~  JJ  P(s)d C  and  rj<({)  =  “.(£))  we 

■£«)  +  -  («.(£)?(».(«))'  -  +  *p'(».(£)X(f)2  =  0.  (4.25) 


Let  T}  =  max(77(u_,u;_),f]f(u4.,t£?+)).  On  any  sub-interval  (cr^cr^)  C  [*<,£2) 
if  >  t 7  set  Ce  =  sup{f  €  [U*<ri);V€tt)  <  *?}•  If  ^  set  Ce  =  inf{£  € 

»7e(^)  >  77}  if  this  set  is  not  empty.  Similarly  if  Vei^)  >  set  =  inf{£  G 
(*2»*2]i»7«(0  ^  *7}  while  if  <  V  set  0e  =  sup{f  €  (<?[,  Ve(£)  >  O- 

Observe  that  UeiCt)  >  0  and  r)'€{de)  <  0,  and 

/  2  MO  “  ?)<£  <  f  MO  -  vk 

(4.26) 

= -  r 

So  if  we  integrate  (4.25)  over  (£e,crf)  and  use  (4.26)  we  see 


f  2 MO  -  Ok  +  «  f  MO2  -  p'MOWei 02)k 

<  -ti«(0«)p(u\.(0f))  +  u«(C«)p(We(Ce))‘ 


(4.27) 


By  the  definitions  of  0f,  we  see  ri(u((9e),w((0())  and  77(ue(£e),  ioe(Ct ))  are  uni¬ 
formly  bounded  from  above  and  since  wt(9(),  ttf«(C«)  are  greater  than  0 , 77  is  convex 
at  these  values.  This  implies  u((0(),  toe(0e),  we( Ce)  are  uniformly  bounded 

in  €.  Hence  the  right  hand  side  of  (4.27)  is  bounded  by  a  constant  K  independent 

of  e. 


Now  since  p{6)ds 

wq>  0  so  that 

to 


t)(u,w) 


00  as  to  — >  00  for  arbitrary  5  >  0  there  is  a 

2K 


J 


for  all  to  >  too- 


MNWJWWU  WPJPJWPJPJ 


WV  FY*XT  'CWVrW . V\AT  VJVA 


WJWV TOSWWWWOTWUtW WW-jv  W  v 


We  then  set  £(S)  = 


(|u>-  l+*3+u>o+f/  277 ) 
for  any  <7i,<72,  <ri  €  (*i,t«],  a2  €  (<«, ^2] 


JT-1— ■  •  Fix  <71,^2,  0  <  <?2  ~  ffl  <  £(£)•  We  note 


/  »"«(£)<*£  =  /  +  /  i0e(O<f£ 

<  0(f«  -  <7l)  +  £  (tuo  +  »«({)))<£ 

<  p(tt  -  <7i)  4-  (<t2  -  t<)m 

+  2 J(  Jt  *i(u«(0»we(0)^- 

Now  use  (4.27)  with  <7^  =  and  we  see 

f  Wt(£)dZ  <  0(ie  -  <ti )  +  (er2  -  <£)ty0  +  +  ^(*2  -  o-x)) 


<  (<72  —  <Tl)(#  +  tUQ  +  ^7)  +  -^  <  s. 


(4.28) 


If  <7i,<72  >  tf 


J  w«(t)d(<  J  iW0  +  ^71(ut(t),w((mJZ<S  (4.29) 


(4.30) 


(4.31) 


and  if  <rj ,  ct2  <tf 

r  t»«(0 di  <  P{a2  -  <71 )  <  6. 

Jo  1 

Also  since  «;<(£)  >  u>_  we  easily  see 
r<7  a 

/  U)tti)d£  >  iu-(<72  -  ax) 

Ja\ 

>  —  |t£>_|(<72  —  <7i)  >  —6. 

So  we  see  for  (I)  that  (4.2S)-(4.31)  imply 

|  f  wt(£)d£\  <6  if  0  <  <72  -  <7x  <  £(S). 

Jo  1 


A  similar  argument  of  course  works  for  (II)  while  (III)  is  trivial.  So  in  ii(c) 
we  know  w((£)  possesses  absolutely  equicontinuous  integrals.  Cases  ii(b),  iii(b), 
(c),  (d)  are  done  in  a  similar  fashion.  As  advertised  above  Vitali’s  theorem  thus 
tells  us  u>(£)  is  locally  integrable  and  (4.24)  holds. 
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The  next  Lemma  follows  almost  identically  from  Lemma  3.3  of  [S]. 


Lemma  4.11  The  four  limits  which  appear  in  (4.23)  always  exist  (finite)  and 
(4-230  is  always  satisfied.  Equation  (4.23-2)  is  satisfied  if  the  sequence  { u«(s)^s} 
(taken  on  the  convergent  subsequence  of  Lemma  4.5)  is  absolutely  equicontinuous. 
Furthermore  the  relation —(p(/3)—p(a))  <  limc_o_  ~P(u;(0)+hmtf-.o+  p(w{0)  — 
0  holds  in  general. 

Proof.  Let  {u€(£),u>€(£)}  denote  the  convergent  subsequence  of  Lemma  4.5.  Note 
that  since  we(£),  u€(£)  are  piecewise  monotone  as  (— oc,cx>)  (Lemma  2.4  with 
L  =  oo)  then  the  limit  functions  u(£),w(£)  are  also.  Hence  the  set  of  points  of 
continuity  (in  fact  differentiability)  of  u,  w  is  dense  in  any  finite  £  interval. 

Now  let  C  ^d  9  be  points  of  continuity  of  u(f),u;(f),  £  <  0  <  9.  From 
the  mean  value  theorem  for  every  small  e  >  0  we  can  find  6 
0t  €  +  «1^2]  so  that 

«1/2t*<(C«)  =  u<(0  -  «<(C  -  e1/2)»  «1/2«>£(Ce)  =  ^«(C)  -  «><(C  -  c1/2)> 
«1/2<(^)  =  «<(*  +  <1/2)  -  =  w£(e]/2  +  e1/2)  -  wt(9). 


By  Lemma  2.4  there  are  constants  Kg  ,  Kq  so  that 

l«1/Ju'.«.)l  <  K0  |.1/2u,;(C<)l  <  KC< 
|«,/2«:(».)|  <  Ke,  |£1/2t»;(S<)|  <  Kg, 


(4.32) 


for  e  sufficiently  small.  (Of  course  Kg,  Kq  maybe  becomes  unbounded  as  0,  £  — ►  0 
but  for  the  moment  £,  6  are  fixed.) 


(4.34) 


Now  we  integrate  (0.10),  (0.11)  on  (£€,0£)  obtaining 

r9, 

eue(0€)  -  eue (<«)  +  9cut(9t )  -  C«tie(Ce)  -  /  MOk 

J  (4.33) 

=  p(to«(0«))  -  KW«(C«)), 

r9, 

cw\{6€)  -  «y'(C«)  +  0tw€(9e)  -  Ccti>«(C«)  -  /  we(0^  , . 

k*  (4-34) 

-  +  U4(C<). 

Now  let  e  — ►  0+  in  (4.33),  (4.34).  Since  9 ,  C  are  points  of  continuity  of  u,w  we  find 
by  virtue  of  (4.32)  that 

du(d)-<u«)-p(w(5))-fp(u;(C))=  lim i  /  ve(£)<*(,  (4.35) 

<-°+yc< 

-  41  - 


£ 

I 


3r 

$ 

W 

w 


(4.36) 


6w(6)  - <U)(C)  +  u(e)  -  u(C) 


where  in  (4.36)  we  have  used  (4.24)  i.e.  the  absolute  equicontinuity  of  the  integrals 
of  we(0-  Notice  the  limit  on  the  right  hand  side  of  (4.35)  exists  since  the  limits 

on  the  left  hand  side  exist.  From  (4.1)  we  see  that  lime_o+  u€(£)d*  =  S(C,  0) 
satisfies  u(C  -9)-  ( p(/3 )  -  p(a))  <  S(C,  9)  <  Nq(£  -  9).  By  Lemma  4.4  for  fixed 
£  <  0,  S(£,9)  is  continuous  in  9,  9  >  0,  |0|  small  and  for  fixed  9  >  0,  S(£,0)  is 
continuous  in  C,  C  <  0*  ICI  small. 

Now  since  |u>(£)|  may  be  infinite  only  at  f  =  0  (again  by  Lemma  4.4)  pointwise 
limits  of  ii(b),  (c),  iii(b),  (c),  (d)  of  Lemma  2.4  shows  that  if  |u;(0)|  =  oo,  id  must 
have  one  of  three  shapes  shown  in  Figure  7. 

In  all  three  cases  (I),  (II),  (III)  we  see 


KfM- 


But  since  u>(£)  is  locally  integrable  (Lemma  4.10)  we  see 


lim  6w(9)  =  lim  £u>(£) 
0— 0+  v  <— o- 


lim  [  w(£)d£ 

e-o  +  yc 

C— o- 


0. 


Since  u(£)  has  the  shape  of  (I)  near  £  =  0  and  u(£)  is  locally  integrable  (Lemma 
4.10) 

lim  6u(8)  =  lim  CU(C)  =  0. 

0—0+  v  1  (— o- 

Now  let  9  — *  0+,  C  — ♦  0-  along  a  sequence  of  points  of  continuity  of  u,  w  and 
possibly  extracting  a  further  subsequence  so  that  S(C»$)  converges  we  find 


lim  —  p(w(0))  +  lim  p( to(C))  =  lim  S(£,0), 
— 0+  v  v  "  o-  0—0+ 

C—0- 


lim  u(0)  =  lim  u(C), 
0—0+  C— 0- 


and  (9.23i)  is  always  satisfied.  Moreover  if  /g  «<(()^s  is  absolutely  equicon- 
tinuous  Vitali’s  theorem  tells  us  we  can  pass  the  limit  through  the  integral  in 
(4.35)  and  hence  show  (4.232)  holds  as  well.  (In  this  we  have  of  course  S(£,0)  = 
1*“  /<?  u(Z)d£.)  Also  the  bounds  on  S((,9)  show  that  p(a)  —  p(/3)  <  —  lim^_o+ 
p(w(6))  +  lim^_o-  P(w( 0)  ^  0  holds  in  general. 


Remark  4.12  As  ue  may  have  more  than  one  critical  point  the  argument 
used  in  [8]  to  show  that  the  absolute  equicontinuity  of  Jq  uf(£)cl£  is  also  necessary 


to  have  (4.322)  hold  does  not  seem  to  apply. 

Theorem  4.13  The  functions  ti(£),  defined  by  Lemma  4.5  provide  a 
solution  of  the  Riemann  problem  provided  the  pressure  p  equilibriates  across  the 
stagnant  phase  boundary  at  £  =  0,  i.e. 

,  \ 

lim  p(u ;(0)  =  p(w(0)- 

^-*0—  C— *0+ 


Proof.  Use  Lemma  4.11. 
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